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A diffraction grating, which is called Fibonacci diffraction grating in this paper, is made by the
Fibonacci sequence rule. A self-similar structure in a diffraction spectrum is observed experimentally when
laser light is insident on the grating. In the diffraction spectrum, it is found that ratios of two successive
intervals are equal to the golden mean, (y5—1)/2. This relationship also holds for sub-peaks. The
wavelength of the incident light is also measured and found to be in good agreement with the accepted value.

§ 1. Introduction

In physics education experiments using diffraction gratings are widely performed to observe the
diffraction phenomena. The main purpose of such experiments is to measure the wavelength of the
incident light by using a conventional diffraction grating whose lines are drawn at equal intervals.
We know that the diffraction spectrum is expressed by the power spectrum of the grating pattern
since diffraction theory is closely related to Fourier transformations. Therefore, it is interesting
educationally to observe various diffraction spectra from arbitrary grating patterns. If students can
find some remarkable structures in spectrum, we expect that such an experiment will be more
attractive.

Recently, in solid state physics it has been found that aperiodic or quasiperiodic structures in
crystal lattices play an important role in expressing some properties of solid!. The Fibonacci lattice
is one of the quasicrystals. It is known that its diffraction spectrum shows a fascinating structure
characterized by self-similarity>®. 1In the present paper we make a Fibonacci diffraction grating
which is equivalent to the Fibonacci lattice and observe a diffraction spectrum experimentally. We
aim in this paper to give an educational method in order to study diffraction theory and Fourier
analysis through current topics.

§2. Theoretical basis

First, we briefly summarize diffraction theory for a conventional diffraction grating. The
following discussion is for the case when light is incident perpendicular to the diffraction grating.
We consider transmitted light in the direction of angle § measured from the perpendicular axis. A
schematic drawing is shown in Fig. 1, where 4 is equal to half of the lattice constant and E;’ s are
the transmitted waves. When a transmitted wave Ey can be expressed as

Eo= A expliks —iwt], (1)

where A4, k and w are the amplitude, the wavenumber and the angular frequency, respectively, E,’s
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Fig.1 A schematic drawing for
the diffraction phenome-
non. G is the diffraction
grating and E;’s are the
transmitted lights.

can be written as
Ei=1-Aexplik(s+¢)—iwt],
E>=0- A explik(s+268)—iwt],

E;=x;-explik (s +jo)— iwt],

En=2xy+Aexplik(s+ N&)—iwt] (2)
with
S=dsin 6. (3)

For the conventional diffraction grating the space series {x;}, which expresses the grating pattern,
is described as

{x;}={10101010-- -} 4)
Superimposing all E;’s, we obtain the expression of transmitted wave,
E :éixjA explikjo]-expliks — iwt]. (5)
The intensity of it is
[=|EP=|4%x expl ijko][%. (6)

Equation (6) is a power spectrum of space series {x;}. For the conventional diffraction grating
whose space series is expressed by Eq. (4), the diffraction spectrum, Eqg. (6), can be written as the
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0-function with period 7. Hence the following equation holds for all peaks with integer m :
ké=mn, (7)
namely,
2d sin §=mA. (8)

where A is the wavelength.

Next, we introduce the Fibonacci sequence. Sequence {F»} made by the rule Fr=Fn-2+ Fn-1
with seeds Fo=1 and F1=1 is called the Fibonacci sequence. For the limit when m —0, the ratio
of two successive Fibonacci numbers is equal to the golden mean as is indicated by an equation

lim = ==0=""3
~0.618339- - . (9)

The space series {x;} of the Fibonacci diffraction grating is made by the following rule? First, we
set {Go}={1} and {Gi}={0} as two seeds. Next, we define a series {Gn} constructed by symbols
(numbers) 1 and O as

{Gm}:{Gm—ZGm—l}. (10)
We show concretely Gn for m =2 as the following :

{G}={GG)={10}
{Gs}={G.G}={010}
{G)={G:Gs}={10010}
{Gs}={G:G.}={01010010}

The Fibonacci diffraction grating can be obtained by taking the series { Gn} as the space series {x;},
{x;}={Gn}={1001001010010- - - }. (11)

Namely, the grating pattern can be made by a rule which we draw a line for 1 and do not draw
for 0 in Eq. (11). Figure 2 shows a pattern drawn by this rule.

Fig.2 A pattern of the Fibonacci diffraction
grating.
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Fig 3 A diffraction spectrum of the Fibonacci diffraction
grating Longitudinal axis 1s log scale and transverse
axts 1s linear  Piincipal peaks and sub-peaks are
indicated by o)’s and ', respectively

The diffiaction spectrum can be calculated by Eq (6) with Eq (11) The result shown n Fig
3 was calculated from Eq (6) using the FFT method We can see a line of principal peaks at
positions 01, 02, *+  as they are indicated in Fig 3 The relationship between consecutive peaks
can be represented as

O2__ 03 _  _ Om+1

01 02 Om - e (]2)
This relationship also holds true for sub-peaks If we measuie z, as the displacement from o« (the
case of k=2 1s shown in Fig 3), a similar relation to Eq (12) 1s satisfied among z,’s It 1s found
from Eq (12) that Fig 3 shows a self-similar nested structure, namely fractal structure

Furthermore, we detetmine the wavelength of the incident light from the relation
ké=o1=2np’ (13)

We make an additional remark that the intensity 7, of principal peaks can be scaled by Ip/(kd)*

§3 Expermment and results

A photograph was taken of a drawing similar to Fig 2 and the negative was used as the
Fibonacci diffraction grating The original drawing was made by a computer with space step 003
cm and entire length 18 3 cm  The lattice constant ¢, which s defined as the interval between
symbols 1 and 0, was measured with a traveling microscope and we obtained 1ts value as d =1 28
X107 cm The ncident light we used was He-Ne laser whose wavelength A 15 6 328 X10°cm A
typical diffraction 1mage on a screen 1s shown in Fig 4(a), where the distance between the
diffraction grating and scieen, D, was 196 5 cm In order to show Fig 4(a) more clearly, main spots
are indicated again in Fig 4(b)

Ratios of ¢,’s, Eq (12), were calculated from the experimental data which contains data 0o’s
We obtaimned os=0 625+£0 005 This value 1s very close to the tiue value (0=0 618) For
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Fig.4  (a) A photograph of the diffraction image on the screen.
(b)Main spots of Fig. 4(a). Principal peaks and sub-peaks are
indicated by o;’s and z;’s, respectively. These are corresponding
to the same indications in Fig. 3.

sub-peaks, z;’s, 0:=0.5691t0.017 is obtained by also using data w’s. Disagreement of the value o-
with © is due to inaccuracy in the measurement of the position z. It is difficult to distinguish the
peak n from peaks near 7> because intensities of sub-peaks are very weak.

Let z1 be the displacement of 01 from the center of the screen. The wavelength of the laser can
be calculated from Eq. (13), which is rewritten as

dz
=i

by approximating sin § to zi/D. The average value z1 of left and right directions on the screen is
3.605 cm. From Eq. (14) Aexo=6.15X 107" cm is obtained. This value is very close to A of He-
Ne laser.

(14)

§4. Conclusion

When we do this experiment on the Fibonacci diffraction grating, the diffraction spectrum can
be observed in accordance with the theory. We obtain that the ratios of two successive intervals
are coincident with the golden mean. The wavelength of the incident light can also be measured
with sufficient precision.

We expect that the observation of the self-similar (fractal) structure in the diffraction spectrum
1s to stimulate students curiosity for optical studies. A similar power spectrum has also been found
in a phenomenon of chaos®. The Fibonacci lattice or the phenomena characterized by the
Fibonacci sequence become important in solid state physics and nonlinear physics. We consider
that the present experiment is effective for students not only to study fundamental physics, such as
diffraction theory and Fourier analysis, but also as an introduction into the current topics of
nonlinear physics, such as chaos and fractals.



12

Kazuhiro FukusHIMA and Ichiro Oono

Acknowledgements

We would like to thank Prof. T. Yazaki for valuable discussions and comments.

1

o

References

M. Kohmoto, L. P. Kadanoff and C. Tang, “Localization problem in one dimension : mapping and
escape,” Phys. Rev. Lett., 50, 1870-1872 (1983) ; D. Levine and P. J. Steinhardt, “Quasicrystals : a new
class of ordered structures,” Phys. Rev. Lett., 53, 2477-2480 (1984)

T. Fujiwara, M. Kohmoto and T. Tokihiro, “Multifractal wave functions on a Fibonacci lattice”
Phys. Rev. B40, 7413-7416 (1989) ; K. Kono, S. Nakada, Y. Narahara and Y. Ootuka, “Transmission
spectra of third sound in a Fibonacci lattice,” J. Phys. Soc. Jpn., 60, 368-371 (1991)

H. Mori, H. Hata, T. Horita and T. Kobayashi, “Statistical mechanics of dynamical systems,” Prog.
Theor. Phys. Suppl. No. 99, 1-63 (1989) ; K. Fukushima, T. Yamada and T. Yazaki, “Fluctuation of
the local expansion rate in the Taconis oscillation system,” Phys. Rev. Ad4, 8380-8383 (1991)



	§1.Introduction
	§2.Theoretical basis
	§3.Experiment and results
	§4.Conclusion
	Acknowledgements
	References

