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DOMAINS IN A TWO DIMENSIONAL STEIN

SPACE WITH QUOTIENT SINGULARITIES

Makoto ABE

Abstract
Let X be a 2 - dimensional reduced Stein space such that every singular point of X is a
quotient singular point. Let D be an open set of X. Let L be a positive dimensional
commutative complex Lie group. Then H! (D, ‘sz/L) =0 if and only if D is Stein and
H2(D, =.1(L)) =0.

0. Introduction

Let D be a domain in a complex manifold X. Assume that there exists a positive
dimensional complex Lie group L such that H! (D, 5/1_) =0, where o/, is the sheaf
of groups over D of all germs of holomorphic maps into L. J. Kajiwara and H. Kazama

[10] proved that D is a Stein manifold if X is a 2 — dimensional Stein manifold. J.
Kajiwara and M. Takase [11] proved that D is a Stein manifold if X is a product
manifold of two 1 - dimensional complex tori and L is a complex linear group whose
Lie algebra contains a non-zero purely integral element. J. Kajiwara and K. Watanabe [12]
proved that Dis a Stein manifold if X is a 2 - dimensional projective space and D # X .
Other related results are obtained in various situations ( see for example [1], [8] and

[91) .

In this paper we consider the case that X has singularities. We shall give a proof of the
following fact. Let X be a purely 2 - dimensional reduced Stein space such that every
singular point of X is a quotient singular point. Let D be an open set of X. If there
exists a positive dimensional commutative complex Lie group L such that H! (D, _9/L)
=0, then D is a Stein space. In section 1 we shall consider the Levi’s problem for open
sets of X. In section 2 we shall give a proof of the above fact using the result in

section 1.
1. Levi's problem.

Let X be a reduced complex space. In this paper we always denote by S (X) the
singular locus of X. p € S(X) is called a quotient singular point if and only if there
exist a neighbourhood U of p, a second countable connected complex manifold M and a
finite subgroup G of Aut (M)v such that U is biholomorphic to an open set of a quotient
space M / G. Here we denote by Aut (M) the group of all holomorphic automorphisms of
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M. Every quotient singular point is a normal point (Kaup-Kaup [13], p. 312,72.5). In
this section we consider a variant of Levi’s problem for open sets of a 2 - dimensional
Stein space every singular point of which is a quotient singular point. The following

lemma is a special case of Lemma 2 of R. Narasimhan [15].

LEmMa 1. Let M be a second countable connected complex manifold and G be a finite
subgroup of Aut(M). Let 7m be a natural projection from M to a quotient space M/ G.
Let D be an open set of M/ G. Then the following two conditions are equivalent.

i) 7w 1(D) is a Stein open set of M.
ii) D is a Stein open set of M/G.

Proor. i) —ii). M/ G is a second countable reduced complex space and the map =

: M—M / G is holomorphic, open, finite and surjective. Let (2 ,) 5 — , be a sequence of

pairwise disjoint points of D such that there is no subsequence converging in D. Let
(¢c,)%=1 be an arbitrary sequence of complex numbers. D is Stein if we can find F € & (D)
such that F (p,) =c¢, for every V. Since vogl T 1( p,) is a O-dimensional analytic
set of a Stein manifold D : =z (D), there exists f € (’/’(5) such that f =¢, on
7 (p,)forevery v. f:1=]|G I'l +2 fog is well-defined as a holomorphic
function on 5 where | G ‘ denotes thgeocx;‘der of G. Since 70 g= 7 for every g €G, F
: :7 o' is a single-valued function on D. Since For =f€ (/"(5), F 1s a holomorphic

function on D by the definition of the complex structure of M/ G. It holds that F(p,)

=c, for every V. Therefore D is a Stein open set of M/ G.

i) >i). Weset D =n '(D). Since 7 | 5 D—D is proper, D is holomorphically
convex by Satz 2.2 of Stein [16]. Take an arbitrary g¢ € D. There exist finitely many f1,
fo. v f € 0 (D) such that { xED| £, (x)=0, i=1,2 , kY={n(q)}.
Then ¢ 1s an isolated point of {yEBI (f; 0m)(y) =0, ¢=1,2,- kY=
m~' (7 (g)). Therefore D is K-complete.

Let X be a reduced complex space and D be an open set of X. D is said to be locally
Stein at p € 0 D if and only if there exists a neighbourhood [ of p such that UND is
a Stein open set of X. Let A be an analytic set of X. A point p € 0DNA is
said- to be removable along A if and only if there exists a neighbourhood U of p
such that U—~ACD. Theset D*=DU{ pEODNA]| p is removable along A4 } is
called the extension of D along A. To study the Levi's problem T. Ueda [17] , [18]
and K. Adachi [2] used the following lemma which is originally due to H. Grauert
and R. Remmert [6] .

Lemma 2. Let X be a complex manifbld and A be a positive codimensional analytic set
in X. Let D be an open set of X. Assume that D is locally Stein at every p € 0D — A
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and that D has no boundary point removable along A. Then D is locally Stein at every
pEOID.

Lemma 3. Let X be a reduced complex space. Assume that every p € S(X) is a
quotient singular point. Let D be an open set of X. Assume that D is locally Stein at
every p € 0 D—S(X) and that D has no boundary point removable along S(X). Then D is
locally Stein at every p € 0 D.

Proor. Take an arbitrary pE9 DN S (X) . Since p is a quotient singular point ,
there exist a Stein neighbourhood V of p, a second countable connected complex manifold
M and a finite subgroup G of Aut (M) such that V is biholomorphic to an open set of
a quotient space M/ G. S (V) : =8 (X) NV is the singular locus of V. Choosea Stein
neighbourhood U of p such that U CV. U has no boundary point removable along
S (V) (see the proof of i) —iii) of Lemma 4). W :=UND is an open set of V such
that WCV . We can prove that W is locally Stein at every ¢ €W — S (V) and has no
boundary point removable along S (V). We regard V as an open set of M/ G. Let 7 :
M—M / G be the natural projection. By Lemma 1 V :=n "' (W) is a Stein open set of
M. W :=71(W) is an open set of ¥ such that WCV. §: =z ~'(S(V))is a positive
codimensional analytic set in ¥ Take an arbitrary r €W —S. Since 7 (7r) €W —S(V)
there exists a neighbourhood E'of 7 (7) in V such that ENW is Stein. £ : =7 ' (E)
is a neighbourhood of 7 in V. EnW=rn" "(ENW). By Lemma 1 ENW is Stein. Hence
W is locally Stein at every r €W —3. We can also prove that W has no boundary
point removable along. S. Therefore W is locally Stein at every » € 0 1774 by Lemma 2.
By a theorem of Docquier - Grauert [5] W is a Stein open set of V. By Lemma 1
W=UMND is Stein. Thus it is proved that D is locally Stein at every p €9 W N S(X).

Using the above lemma and a theorem due to A. Andreotti and R. Narasimhan [3]
on Levi's problem for open sets in a Stein space with isolated singularities, we obtain the

following lemma.

LEMMA 4. Let X be a purely 2 — dimensional reduced Stein space. Assume that every
p € S(X) is a quotient singular point. Let D be an open set of X. Then the following
three conditions are equivalent.

i) D is a Stein open set of X.

ii) D is locally Stein at every p € 0 D.

ii) D is locally Stein at every p € @ D—S(X) and has no boundary point removable
along S(X).
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Proor. iii) —ii). Lemma 4.

ii) - 1i). Since X is a 2 - dimensional normal complex space, S (X) is a discrete
closed set of X. By Corollary 1 to Theorem 4 of Andreotti - Narasimhan [3], D is a
Stein open set.

i) —iii). Assume that there exists p €0 D N S(X) removable along S(X). Then
there exists a neighbourhood U of p such that U— S(X) CD. There exists a sequence

(p,) $=1 C U~ S(X) such that lim b, =p. There exists f € ¢ (D) such that
hm | f (py )l =+co. Since U is normal there exists 7 € (1 (U) such that 7 = f
on U SX). |7 (p)|= .,h-qloo|f(ﬁ”)|:+°°' It is a contradiction.

2. Domains with a vanishing cohomology group.

Let L be a positive dimensional commutative complex Lie group. The Lie algebra of L
is isomorphic to C™, where m is the complex dimension of L. The exponential map exp
:C™ — L is holomorphic, surjective and homeomorphic. The kernel I' of exp is a
discrete subgroup of C™ and is isomorphic to the fundamental group of L. Let X be a
2 - dimensional reduced Stein space.and D be an open set of X. We denote by &, the
sheaf of commutative groups over D of all germs of holomorphic maps into L. We have
an exact sequence 0 —-r-Jn —>J/L — 0, where ¢/ is the structure sheaf of D. In this
section we study the property of an open set D which satisfies the condition that H!(D,

J?/L) =0.

LEmMa 5. Let X be a purely 2 — dimensional normal Stein space. Let D be an open
set of X such that X— S(X) CD. Assume that there exists a positive dimensional
commutative complex Lie group L such that H! (D, o ) =0. Then D=X.

Proor. Take an arbitrary point p€X. Let V be a connected Stein neighbourhood
of p. By Remmert’s embedding theorem V is homeomorphic to an analytic set of C .
By Theorem 1 of Lojasiewicz [14] there exist a locally finite simplicial complex K
and a homeomorphism 7 : ] K ] —V such that © "' (p) EK. Let U be the image by ©
of the union of all 0 EK such that 7 “'(p) is a 0-face of 0. Then U is a contractible
neighbourhood of p and there exist finitely many contractible open sets Wi, W2, -, Wi
such that U—{ p } = U Wi Let I' be the fundamental groupkof L. We have an
exact sequence 0 — H! ({W };:1, r -H'W—-{p}, M -0 1w, .
Since W; is contractible, we have that H!(W; , I') =0 for every ¢. Hence H!(U
-{p}, I'N = H ({W, }}fz, , I . There exist a positive integer ¢ and a
subgroup B of I'* such that H!'(U—-{p}, I') = TI'!/B. In particular H! (U —
{ p}, I') consists of at most countably infinite elements. Assume that DC X . We set
P=X-D. #+PCS(X). Since X is normal, S (X) is a finite or countably infinite
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discrete closed set of X. Let (p,)% =, or (p,)% —; be all the distinct points
of P. By the above consideration there exists a neighbourhood U, of p , for every v
satisfying the following conditions. Uy N S(X) ={p, } and Uv — { p »} is a finite
union of contractible open sets (v =1, 2, - ). Ue NU, =& if u#*v. Then H!

(U, ={p, }, T') -consists of at most countably infinite elements for every v. We
have a short exact sequence 0—-r—-0r —>,@JL—>O, where m = dim L. We obtain the
exact sequence of cohomology groups H!(D, I') — H! (D, d7) - H'(D, g =
0. U: =yu, isa neighbourhood of P. UND=U—-P=U w, —{»p», }). {U,
D'} is an open covering of X. From the Meyer-Vietoris exact sequence 0 = H! (X,

Jm) — HYW(U, ™) @® H'(D, J™) —> H'(U-P, ™), we have an injection
a: H'Y(D, ") - HYWU-P, J™). Since every holomorphic function on U-—P
is extendable to U, U — P 1is not Stein. By Theorem 2 of Ballico [4] it holds that
H!' (U-P, ) #0. Therefore H'(U—P, ") = HY(U-P, #)™ #0. In the
same way H'(D, ™) #0. Let (£,) : H'(W-P, O™) - H'(U, - {r.)
be the natural isomorphism. There exists a number Vo such that &,, o« = 0. We

have a commutative diagram

H!(D, J®) —s= 0 exact

| | s

H'U v = {p V) — H' (U, —{p, 1}, am)

0 v
Oy,

H' (D, I')

We can prove that im o, D im (£, © @) . Since im({, oa) is a non-zero C
- vector space, it consists of uncountably infinite elements. But im o, consists of finite

or countably infinite elements. It is a contradiction.

Using the method of J. Kajiwara and H. Kazama [10] we obtain the following lemma.

LEMMA 6. Let X be a purely 2-dimensional reduced Stein space. Let D be an open set
of X. Assume that there exists a positive dimensional commutative complex Lie group L
such that HY (D, o/, )= 0. Then D is locally Stein at every p € 0 D— S (X).

Proor. In the proof we use the method of the proof of Lemma 11 of Kajiwara -
Kazama [10] . Suppose that there exists a point 2 € 8 D— S(X) such that D is not
locally Stein at p. There exist a holomorphic map ¥ : X—C 2 and a neighbourhood W
of p such that W € X—S (X), Y (W) is an open set of C2, ¥ (p) = (0, 0) and
v l w . W— ¥ (W) is biholomorphic (Grauert-Remmert [ 7] , p.151, Consequence 2).
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Choose a Stein open set V of C2? such that (0, 0) EVCy¥ (W) . V'i=v1 (V) N
W is a neighbourhood of p and ¥ (V) =V. Since D is not locally Stein at p,
(DNV") is not a Stein open set of C2. By Lemma 1 of Kajiwara-Kazama [10] there
exist 4, P and @ satisfying the following properties. H={ (w; , w;) ECZ| 1 w; |
<1, Jw [<1T Y U{(wy, w)€EC [ 1—-2e<|w, [<1+2¢, |w, |< 1+
2}, P={ (w,, w,) €EC? | |w,|<1+2¢, |w, |< 1+2¢e}, 0<e<1
/2. @ :C*>C? is a biholomorphic map. ¢ (H) Cy¥(DNV') and there exists (&
by) such that | 61 |<1—2¢, | b2]=1and @ (b1, b2) €0 (¥ (DNV) .
Then @ (H) CV implies ¢ (P) CV since V is a Stein open set of C2. 6=(0,, 0,):
= @tloy : X—>C? is a holomorphic map. We set T = { :cEXI |t91(x)| <1+2¢},
To={z€T | |0,(z)|<1+2¢€}NV  and T,={z€T || 0. (z)|>1+¢}U
(T—=V'). T is a Stein open set of X and { To, T} is an open covering of 7. The
function (62 — b,) ! is holomorphic on To N7Ti. Since H' ({ To, T1 }, 7 ) = 0,
there exist v; € ((T;) (i =0, 1) such that (,—b5)1 = v1—vo on ToN Ty.
We can define a holomorphic function » on (ToN{ zE€X | 02(z) #b2}) UTy by the
equations v = vo+ (f2—b2) 1 on ToN{ zEX | O2(z) #b>}and v =v, on T1. We
set Di=DN{zEX|0:1(z)#b1}and Da=DN({ 2ET | 02(z) #b2}U(T—=V")).
{ D1, D2 }is an open covering of D. The function (61— b1) ! v is holomorphic on DiN
Dy.  Let exp: C™—L be the exponential map, where m= dim L. Let ¢ be a non-zero
element of C™. Since H!({ D1, D2}, &,)=0 (Lemma 1 of Kajiwara [ 8] ) , there
exist holomorphic maps G; : D; =L (i =1, 2) such that exp ((01—561)"1v « ¢) =G>
*Gi™' on DiND2. The map Gi’: =exp ((81—b1)'vo+ e) » Gi is holomorphic on
To N Dy and it holds that exp ((01—561)1(0,—b2) s e)=Gz2+ Gy on ToND1N D .
We set H; = { (wy, w2) EH | w; # b; Yand P; = { (w, w2) EP | w; # b; } (i=1,2).
Since HC 0 (V") and 0-1(H;) NV'CToND; (i =1, 2), the map F1:=Gyo(f],)"
is holomorphic on H; and the map F2: =G0 (6 Iv’)_l is holomorphic on H: . By
Lemmas 3 and 4 of Kajiwara-Watanabe [12] there exist holomorphic maps F; : P; =L
such that F; =F; on H; (i =1, 2). It holds that exp ((wi—b61) ' (we—b2) 1 e)=
Fo (wi, w2 )+ 1?1(w|, w2 ) ! for every (wi, w2) EPNP>. It contradicts a property of

Thullen’s domain (Lemma 5 of Kajiwara-Kazama [10] ).
We now prove our main theorem.

THEOREM. Let X be a purely 2 - dimensional reduced Stein space such that every
singular point of X is a quotient singular point. Let L be a positive dimensional
commutative complex Lie group and I'= 7 (L) be the fundamental group of it. Let D
be an open set of X. Then the following two conditions are equivalent.

i) H'(D, #)=0.
ii) D is a Stein open set of X and H2 (D, I"') = 0.
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ProoF. i)—ii). Let D* be the extension of D along S (X). By Lemma 6 D is
locally Stein at every p €0 D—S(X). Since D—S(X)=D*-S(X), D* is locally Stein
at every pE 0 D*—S(X). D* has no boundary point removable along S(X). Therefore
D* is Stein by Lemma 4. Since D* —S(X)CDCD* D=D* by Lemma 5. It follows
that D is Stein. From the exact sequence 0 =H'(D, ] ) =H2(D, N —H2(D,J™)=0
we have that H2(D, ") =0.

ii)>1i). From the exact sequence 0 =H'(D, #™) -H!(D, [ )—H2(D, ") =0
we have that H' (D, &, )=0.
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