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Characterization of pseudoconvexity through the disk property
for open sets with C! smooth boundaries

Makoto ABE "

Dedicated to Professor Joji Kajiwara on his siztieth birthday

ABSTRACT. Let X be a complex manifold and D an open set with C'-smooth boundary
in X. Then D is pseudoconvex if and only if D has the disk property.

0. Introduction.

Let X be a complex manifold and D be an open set in X. Let A:={t € C| |t| < 1}.
As in [1] or [3] we say that D has the disk property if it satisfies the condition that if
¢ : A — X is a continuous map holomorphic in A such that p(A) C D and ¢(9A) C D,
then p(A) C D. If the open set D has the disk property, then D is pseudoconvex. But
the converse is not true. For example the n-dimensional Hartogs triangle {(¢1,12,...,,) €
C™ | |t1] < |ta] < -++ < |ta] < 1} is a Stein open set in C™ which does not have the disk
property ([1], p.184). The author [3] proved that if D is a relatively compact open set in a
Stein manifold X such that (N(D), D) is a Runge pair, then D has the disk property. Here
we denote by N(D) the schlicht Nebenhiille of D. The author [3] also remarked without
proof that if D is a pseudoconvex open set with C! boundary in a complex manifold X,
then D has the disk property. In this paper we give a proof of this fact. More precisely we
have the following theorem.

Let X be a complex manifold and D an open set with C*-smooth boundary in X. Then
the following three conditions are equivalent.

1) D s pseudoconvez.

2) D has the disk property.

3) Ifp: A — X is a holomorphic map such that 9(A) C D and o(A)N D # (), then
o(A) C D.
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1. Preliminaries.

Let X be a complex manifold and D an open set in X. D is said to be pseudoconvex
or locally Stein if for every p € 0D there exists an open neighbourhood U such that
D NU is Stein. D is said to be an open set with C'-smooth boundary if for every p € 0D
there exist an open.neighbourhood U and a function A : U — R of class C! such that
DNU ={zeU|h(z) <0} and dh # 0 on U. We already gave the definition of the disk

property in the introduction.

LEMMA 1. Let X be a complex manifold and D be an open set in X. If D has the disk

property, then D is pseudoconvez.

PROOF. Take an arbitrary point p € dD. Let U be a connected Stein open neighbour-
hood of p. Suppose that D N U were not Stein. Then D N U is not p;-convex in U in the
sense of Docquier-Grauert [5]. Let n := dimU. There exist ¢, g and (by,...,b,) which
satisfy the following properties. P := {(t;,...,t,) € C* | |t;| < 1+4+¢ (j = 1,...,n)},
Qi ={(t1,...,tn) €EC* ||| <1 (G =1,....,0)} U{(ts,...,tn) €EC" |1 —¢e < |th] <
l+e |ty <l+e(y=2,...,n)},0<e<1. g: P — Uis an injective holomorphic map
such that ¢(Q) C DNU. g(by,...,b,) ¢ DNU, |by] <1 —¢ and 21'21]'34<Xn»’bjl = 1. Then
@ :=g(,by...,by): {t € C||t| < 14¢e} — X is a holomorphic map such that (&) C D,
©(0A) C'D and (b)) € D. It is a contradiction. Therefore D N U is Stein. It follows
that D is pseudoconvex. []

For the proof of our theorem we need the following continuity theorem which is a gen-
eralization of 2.2 of Bremermann [4]. It is also the schlicht version of Proposition 3 of the
author’s [2].

LEMMA 2. Let D be a Stein open set in C*. Let U be an open neighbourhood of the
interval [0,1] in C and f: AxU — C™ a holomorphic map. Let f; :== f(-,t): A — C" for
t €[0,1]. If fi(A) C D for every t € [0,1), then it holds that fi(A) C 0D or fi(A) C D.

PROOF. Suppose the assertion false. Then there exist a, f € A such that fi(a) € D
and f;(8) € 0D. The linear fractional function [ : A — A, ((w) := (w — a)/(aw — 1),
is biholomorphic. The map g: A x U — C", g(w,t) := f({(w),1), is holomorphic. Since
A x U and D are Stein, g7*(D) is also Stein. We consider the distance §(w,t) from the
point (w,t) € g7(D) to the boundary d(¢g~!(D)) along the (1,0)-direction. The function
—log § is plurisubharmonic on ¢~!'(D) (Theorem 4.22 of Hitotumatu [6], p. 74). The
set W := {t € C | (0,t) € ¢ (D)} is an open neighbourhood of the interval [0,1] in
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~U. Let R(t) := 6(0,t) for t € W. The function —log R is subharmonic on W. Since
g(A x [0,1)) = f(Ax[0,1)) C D, Ax{t} € g4D) C AxU for every t € [0,1).
Therefore R(¢t) = 1 for every ¢t € [0,1). By Proposition préliminaire of Oka [8], p. 20,
—log R(1) = hmsup( log R(t)) = 0. Therefore R(1) = 1. Since g(I7!(8),1) = f1(B) €

—1-0

oD, (I"Y(B), ) € g~}(D). Therefore R(1) < |I7}(B)| < 1. It is a contradiction. [

2. Theorem.

THEOREM. Let X be a complez manifold and D be an open set with C'-smooth boundary
in X. Then the following three conditions are equivalent.

1) D is pseudoconvez.

2) D has the disk property.

3) Ife:A — X is a holomorphic map such that o(A) C D and p(A)N D # 0, then
o(A)C D.

PROOF. 1) — 3). We use the idea of the proof of Proposition 2.1 of Kerzman-Rosay
[7], which asserts that a bounded pseudoconvex open set in C™ with C'-smooth boundary
is taut. Let ¢ : A — X be a holomorphic map such that p(A) C A and p(A) N D # 0.
Suppose that p(A) ¢ D. Then there exists a boundary point ¢ of ¢~ *(dD) in A. p :=
¢(c) € 0D. n := dim, X. There exists a holomorphic chart (V; 2, -, 2,) such that p € V
and that D NV is Stein. We may regard V as an open set of C*. Let T be the unit
inner normal vector of (D N V) at p. There exist an open set W and €5 > 0 such that
peW CcVandthatz+eT € DNV ifz € DNW and 0 < ¢ < gg. There exists an open
neighbourhood U of the interval [0, o] in C such that 4+ AT € Vifz € DNW and A € U.
There exists a > 0 such that P :={t € C | |t — ¢| < a} CC A and ¢(P) C W. The map
f:PxU—=YV, f(t,A):=e(t)+ AT, is holomorphic. Let fy:= f(-,A): P — V for every
A € [0,e0]. fA(P) C DNV for every A € (0,e0]. Since D NV is a Stein open set in C*, it
holds that fo(P) C DNV or fo(P) C d(DNV) by Lemma 2. fo(c) =p € d(DNV). On
the other hand fo(P) N D = (P)N D # 0 since c € (¢~ *(dD)). It is a contradiction.

3) — 2). Clear.

2) = 1). By Lemma 1. []
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