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Abstract: This paper deals with the control problem of an engine air path system with low
pressure exhaust gas recirculation (EGR). The considered air path system with low EGR can
be modelled as a system with time-delays due to the transport delay of gas flow from EGR.
It results in over intake fresh air, and thus it causes torque overshoot. An output predictive
control system is designed for a time delay air path system in order to obtain the desired fresh
air mass flow. In the considered system, the intake fresh air mass flow and the EGR rate are
taken as the outputs, and the throttle valve and the EGR valve are considered as inputs of the
system in this paper. A detailed air path system model with time-delay will also be derived for
confirming the effectiveness of the proposed method through numerical simulations.
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1. INTRODUCTION

The combustion engine technologies have been highly de-
veloped during recent decade due to requirements of high
combustion efficiency and low emission. The exhaust gas
recirculation (EGR) is one of the effective ways to improve
the combustion efficiency and to achieve low emission.
Especially low pressure EGR is recently attracted a great
deal of attention. By constructing low pressure EGR air
path system, it is expected to reduce the nitrogen oxide
(NOx) and intake loss without loss of turbine flow rate.
However, since the low pressure EGR system has long path
length, the transport delay of gas flow from EGR causes
over and/or under intake fresh air in the intake manifold
as illustrated in Fig. 1. This affects fuel consumption,
and causes a torque overshoot and/or deterioration of
the ride quality in the automobiles. To effectively control
the air path system with the EGR is valuable to exploit
the air path system’s ability. As well known, most con-
ventional control technique for engines have been based
on the feedforward controls by look-up tables, so called
‘control maps’. However, since engine systems have higher
nonlinearities and might be sensitive to disturbances and
the change of environment, developing the control maps for
feedforward control requires a lot of time and effort with
number of experiments to obtain in-depth data in order to
make an accurate control map. Therefore, it is expected to
develop robust control strategies with respect to changes of
environment and disturbances for engine control in order
to achieve high-performance of engine.
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Fig. 1. Control objective

As one of the advanced control for engine, the model
predictive controls (MPC) have been applied to engine
control systems and have been researched actively in recent
decade for controlling the air path system of engines
(Herceg et al., 2006; Ferreau et al., 2007; Ortner et al.,
2009; Gelso and Lindberg, 2014; Kekik and Akar, 2019).
However, in order to apply the MPC for nonlinear systems
having some constraints, nonlinear optimization problem
and/or quadratic programing (QP) problem have to be
solved online, and in the most cases, all the states of
the system have to be available. This might be a strong
restriction to apply the MPC method to engine air path
control. Moreover, the application of the MPC is based on
the applicability of the accurate model of the considered
controlled system. With this in mind, an adaptive type
feedforward control has also been proposed (Nielsen et al.,
2017), and good control performance has been shown.
However, the detailed structure of the nonlinearity of the
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Fig. 2. Air Path System

system is required in order to derive an inversion of the
input nonlinearity in the method.

Recently, an output prediction based robust predictive
control strategy has been proposed (Mizumoto et al., 2015;
Mizumoto and Fujii, 2017; Mizumoto et al., 2018). Unlike
the conventional MPC methods, this method can design
predictive control only using the measured output without
all states of the system. However, the method did not
handle the systems with a time delay.

In this paper, we consider applying the predictive control
method in Mizumoto et al. (2018) to engine air path
systems with EGR having a transfer delay of gas flow
as a time delay of the system. The method in Mizumoto
et al. (2018) is modified for systems with time delays by
considering the existing time delay outside of the virtual
augmented system with a parallel feedforward compen-
sator(PFC) which renders an augmented system having
relative degree of 1 and minimum-phase. Moreover, we
derive an detailed mean value model of air path system
based on the physical relations. The EGR transfer delay
can be modelled as a time varying delay in the obtained
model. The effectiveness of the proposed method is con-
firmed through numerical simulations via the obtained air
path system model.

2. MODEL OF ENGINE AIR PATH SYSTEM

The considered engine air path system in this paper is
illustrated as in Fig. 2. It is a 4-cylinder SI engine with
a low pressure EGR. The variables and parameters in the
engine model are defined as in Table. 1 and 2.

2.1 Model of Oxygen Concentration

We first derive an oxygen concentration model based on a
physics-based time-varying transport delay (PTD) oxygen
concentration modeling method (Zeng and Wang, 2014).

Let us consider subsystems 1 to 3 as in Fig. 2,and suppose
that the gas is mixed instantly and the concentration is
kept constant in each subsystem. A model of gas trans-
portation and mixing in a control volume is illustrated in
Fig. 3

The mixing model of gas in a control volume is given by

Ḟcv =
RTcv

pcvVcv

∑
i

[(Fin,i − Fcv)Win,i] , (1)

Table 1. Physical Quantity

Symbol Physical Quantity

p [Pa] Pressure
T [K] Temperature
F [%] Oxygen Concentration

W [kg/s] Mass flow rate
P [W] Power
V [m3] Volume
A [m2] Area
L [m] Subsystem length
r [m] Subsystem radius

Ne [rpm] Engine speed
u [%] Valve opening

R [J · kg−1 ·K−1] Gas constant
cp [J · kg−1 ·K−1] Specific heat at constant pressure

κ [-] Heat capacity ratio
ηm [-] Mechanical efficiency
ηt [-] Turbine efficiency
ηc [-] Compressor efficiency
τ [-] Time constant of turbo charger
λ [-] Cylinder efficiency

Table 2. Suffix

Suffix Place of air pth system

air 　 Fresh air
uc Up-Compressor
c Compressor
dc Down-Compressor
ic Intercooler 　
pt Pre-throttle
dpt 　 Down-pre-throttle
im Intake-Manifold
cyl Cylinder
em Exhaust-Manifold
ex Exhaust
wg Waste-Gate
turb Turbine
dt Down-Turbine
out Discharge to ambient
uegr Up-Exhaust Gas Recirculation
egr Exhaust Gas Recirculation
amb Ambient
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Fig. 3. Gas transportation and mixing model

where Fcv is the oxygen concentration in the control
volume, Fin,i is the oxygen concentration at i-th intake
flow and Win,i is the mass flow rate at i-th intake flow.

Supposing that the gas velocity is obtained by

v =
RTcv

∑
i Win,i

pcvπr2
, (2)

the transfer distance D of gas in a subsystem can be
obtained as

D(t) =

∫ t

t0

v(τ)dτ (3)

Thus, if the transfer time in the subsystem is δ(t), then it
leads

D(t0 + δ(t0)) = L (4)

For this transfer time δ(t), it follows that

Table 3. Correspondence of parameters for pressure and temperature

subsystem Fout Fin,1, Fin,2 Win,1,Win,2 Fcv Tcv pcv Vcv r L

subsystem1 Fegr Fex,− Wegr,− Fuegr Tdt pdt Vdt r1 L1

subsystem2 Fdc Fegr, Fair Wair,Wegr Fuc Tuc puc Vuc r2 L2

subsystem3 Fdpt Fdc,− Wc,− Fpt Tpt ppt Vpt r3 L3

Intake manifold - Fdpt,− Wpt,− Fim Tim pim Vim - -
rj , Lj :Radius and length of subsystem j

Table 4. Correspondence of parameters for
pressure and temperature

Place pO VO WO,1,WO,2 TO WI,1,WI,2 TI,1, TI,2

i puc Vuc Wc,− Tuc Wair,Wegr Tamb, Tegr

ii ppt Vpt Wpt,− Tpt Wc,− Tic,−
iii pim Vim Wcyl,− Tim Wpt,− Tpt,−
iv pem Vem Wtc,− Tem Wcyl,Wfuel Tex,−
v pdt Vdt Wegr,Wout Tdt Wtc,− Tem,−

Fout(t+ δ(t)) = Fcv(t) , (5)

and defining the time delay of the system by d(t), we have

Fout(t) = Fcv(t− d(t)) (6)

By comparing (5) and (6), we can obtain the oxygen
concentration Fcv(t) in the control volume, the oxygen
concentration Fout(t) at the outlet and the time varying
time delay d(t) caused by the transport delay of the
system. Moreover, supposing that only the gas mixing
occurs in the intake manifold, the oxygen concentration in
the intake manifold can be obtained from (1). The relation
of the corresponding variables in each subsystem in the
considered air path system is shown in Table. 3.

2.2 Mean Value Model of SI Engine

Physical values including pressure, temperature and flow
rate at each part are modelled based on the mean value
modelling strategy (Guzzella and Onder, 2009; Klasen,
2016).

Modelling of pressure and temperature From the state
equation of gas,the first law of thermodynamics and mass
conservation law, we have for pressure and temperature at
each part from i to v in Fig. 2 that

d

dt
pO(t) =

κR

VO
[
∑
k

WI,k(t)TI,k(t)− TO(t)
∑
l

WO,l] (7)

d

dt
TO(t)

=
TO(t)R

pO(t)VO
[κ(

∑
k

WI,k(t)TI,k(t)− TO(t)
∑
l

WO,l(t))

− (
∑
k

WI,k(t)−
∑
l

WO,l(t))TO] (8)

The relation of the corresponding variables in the consid-
ered air path system is shown in Table. 4.

Modeling of power Supposing that the power Pc of the
compressor has a time constant τ to the power Pt of the
turbine, it follows that

Ṗc =
1

τ
[ηmPt − Pc] (9)

with mechanical efficiency of ηm. Moreover, the turbine
power is obtained by

Table 5. Correspondence of parameters for
mass flow rate

WI pI AI TI uI pO

Wpt ppt Apt Tpt upt pim
Wwg pem Awg Tem uwg pdt
Wegr pdt Aegr Tegr uegr puc
Wair pamb Aair Tamb - puc
Wout pdt Aout Tdt - pamb

Wturb pem Aturb Tem - pdt

Pt = ηtcp

[
1−

(
pdt
pem

)κ−1
κ

]
TemWturb (10)

with a turbine efficiency of ηt.

Modelling of mass flow rate The mass flow rate WI

passing through a certain point can be obtained from the
equation of the orifice by using the pressure difference as
follows:

WI =
AIpI√
RTI

ψ

(
pI
pO

)
, (11)

where pI and pO denote upper and lower pressure, respec-
tively, and AI is an effective opening area defined by

AI = AI,max
uI

100
(12)

with a valve opening uI and maximum effective opening
area AI,max. The function ψ(•) is simply given by

ψ

(
pI
pO

)
=




1√
2

(
0 ≤ pO

pI
< 0.5

)

√
2pO
pI

(
1− pO

pI

) (
0.5 ≤ pO

pI
< 1

) (13)

The relation of the corresponding variables in the consid-
ered air path system is shown in Table. 5.

The mass flow rate Wc passing through the compressor is
given by

Wc =
ηc

cpTuc

[(
ppt

puc

)κ−1
κ − 1

]Pc (14)

using the compressor power Pc. ηc is a compressor effi-
ciency.

The mass flow rate into the cylinder Wcyl is obtained using
engine speed Ne, volume efficiency λ as foloows:

Wcyl =
pim
RTim

λVcyl
Ne

120
(15)

Supposing that the injection quantity Wfuel is given by
keeping the theoretical air fuel ratio of 14.7, the injection
quantity Wfuel is set as

Wfuel =
1

14.7
Wcyl

Fim

Fair
(16)

using the oxygen concentration Fim in the intake manifold.
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Table 3. Correspondence of parameters for pressure and temperature

subsystem Fout Fin,1, Fin,2 Win,1,Win,2 Fcv Tcv pcv Vcv r L

subsystem1 Fegr Fex,− Wegr,− Fuegr Tdt pdt Vdt r1 L1

subsystem2 Fdc Fegr, Fair Wair,Wegr Fuc Tuc puc Vuc r2 L2

subsystem3 Fdpt Fdc,− Wc,− Fpt Tpt ppt Vpt r3 L3

Intake manifold - Fdpt,− Wpt,− Fim Tim pim Vim - -
rj , Lj :Radius and length of subsystem j

Table 4. Correspondence of parameters for
pressure and temperature

Place pO VO WO,1,WO,2 TO WI,1,WI,2 TI,1, TI,2

i puc Vuc Wc,− Tuc Wair,Wegr Tamb, Tegr

ii ppt Vpt Wpt,− Tpt Wc,− Tic,−
iii pim Vim Wcyl,− Tim Wpt,− Tpt,−
iv pem Vem Wtc,− Tem Wcyl,Wfuel Tex,−
v pdt Vdt Wegr,Wout Tdt Wtc,− Tem,−

Fout(t+ δ(t)) = Fcv(t) , (5)

and defining the time delay of the system by d(t), we have

Fout(t) = Fcv(t− d(t)) (6)

By comparing (5) and (6), we can obtain the oxygen
concentration Fcv(t) in the control volume, the oxygen
concentration Fout(t) at the outlet and the time varying
time delay d(t) caused by the transport delay of the
system. Moreover, supposing that only the gas mixing
occurs in the intake manifold, the oxygen concentration in
the intake manifold can be obtained from (1). The relation
of the corresponding variables in each subsystem in the
considered air path system is shown in Table. 3.

2.2 Mean Value Model of SI Engine

Physical values including pressure, temperature and flow
rate at each part are modelled based on the mean value
modelling strategy (Guzzella and Onder, 2009; Klasen,
2016).

Modelling of pressure and temperature From the state
equation of gas,the first law of thermodynamics and mass
conservation law, we have for pressure and temperature at
each part from i to v in Fig. 2 that

d

dt
pO(t) =

κR

VO
[
∑
k

WI,k(t)TI,k(t)− TO(t)
∑
l

WO,l] (7)

d

dt
TO(t)

=
TO(t)R

pO(t)VO
[κ(

∑
k

WI,k(t)TI,k(t)− TO(t)
∑
l

WO,l(t))

− (
∑
k

WI,k(t)−
∑
l

WO,l(t))TO] (8)

The relation of the corresponding variables in the consid-
ered air path system is shown in Table. 4.

Modeling of power Supposing that the power Pc of the
compressor has a time constant τ to the power Pt of the
turbine, it follows that

Ṗc =
1

τ
[ηmPt − Pc] (9)

with mechanical efficiency of ηm. Moreover, the turbine
power is obtained by

Table 5. Correspondence of parameters for
mass flow rate

WI pI AI TI uI pO

Wpt ppt Apt Tpt upt pim
Wwg pem Awg Tem uwg pdt
Wegr pdt Aegr Tegr uegr puc
Wair pamb Aair Tamb - puc
Wout pdt Aout Tdt - pamb

Wturb pem Aturb Tem - pdt

Pt = ηtcp

[
1−

(
pdt
pem

)κ−1
κ

]
TemWturb (10)

with a turbine efficiency of ηt.

Modelling of mass flow rate The mass flow rate WI

passing through a certain point can be obtained from the
equation of the orifice by using the pressure difference as
follows:

WI =
AIpI√
RTI

ψ

(
pI
pO

)
, (11)

where pI and pO denote upper and lower pressure, respec-
tively, and AI is an effective opening area defined by

AI = AI,max
uI

100
(12)

with a valve opening uI and maximum effective opening
area AI,max. The function ψ(•) is simply given by

ψ

(
pI
pO

)
=




1√
2

(
0 ≤ pO

pI
< 0.5

)

√
2pO
pI

(
1− pO

pI

) (
0.5 ≤ pO

pI
< 1

) (13)

The relation of the corresponding variables in the consid-
ered air path system is shown in Table. 5.

The mass flow rate Wc passing through the compressor is
given by

Wc =
ηc

cpTuc

[(
ppt

puc

)κ−1
κ − 1

]Pc (14)

using the compressor power Pc. ηc is a compressor effi-
ciency.

The mass flow rate into the cylinder Wcyl is obtained using
engine speed Ne, volume efficiency λ as foloows:

Wcyl =
pim
RTim

λVcyl
Ne

120
(15)

Supposing that the injection quantity Wfuel is given by
keeping the theoretical air fuel ratio of 14.7, the injection
quantity Wfuel is set as

Wfuel =
1

14.7
Wcyl

Fim

Fair
(16)

using the oxygen concentration Fim in the intake manifold.
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Modelling of EGR rate and fresh air flow rate The EGR
rate regr and the fresh air mass flow rate into the cylinder
Wcyl,air are obtained as follows, respectively.

regr =

(
1− Fim

Fair

)
× 100 (17)

and

Wcyl,air = (1− regr/100)Wcyl =
Fim

Fair
Wcyl (18)

3. PROBLEM STATEMENT

Consider designing a control system for two-input/two-
output engine air path system with the outputs of the
fresh air mass Wcly,air in the intake manifold and EGR
ratio regr, and the inputs of the throttle valve opening upt

and EGR valve opening uegr.

Although the considered air-path system is nonlinear as
modelled in Section 2, we suppose that the transfer func-
tion of nominal linear model at a general running point of
engine is obtained as follows:

G(s) =

[
G11(s) G12(s)
G21(s) G22(s)

]
, (19)

and it can be modelled by the following decentralized state
space model:

ẋi(t) = Aiixi(t) +wi(t) + biūi(t)

yi(t) = cTi xi(t)
(20)

wi(t) =
2∑

j=1

Bijxj(t), Bij =

{
O , i = j
Aij , i ̸= j

(21)

i = 1, 2

where i = 1 represents the intake fresh air system from
upt(t) to Wcly,air(t) and i = 2 represents the EGR system
from uegr(t− d2) to regr(t). In the model, we set as

ū1(t) = u1(t) = upt(t) and y1(t) = Wcly,air(t)

ū2(t) = u2(t− d2), u2(t) = uegr(t) and y2(t) = regr(t)

Since there exists a transport delay in the EGR, we
modelled the EGR system as a input time delay system,
where d2 is a nominal value of the time delay in the EGR
system.

4. OUTPUT PREDICTIVE CONTROL SYSTEM
DESIGN

Suppose that the following assumption is satisfied for the
each nominal model (20).

Assumption 1. For the system:

ẋi(t) = Aiixi(t) + biūi(t)

yi(t) = cTi xi(t)
(22)

without interference term wi(t) from the each subsystem
given in (20), a parallel feedforward compensator (PFC):

˙̄xfp,i(t) = Afp,ix̄fp,i(t) + bfp,iūi(t)

ȳfp,i(t) = cTfp,ix̄fp,i(t) ,
(23)

which makes the following augmented system having the
PFC in parallel with the system (22)

ẋap,i(t) = Aap,ixap,i(t) + bap,iūi(t)

yap,i(t) = cTap,ixap,i(t)
(24)

xap,i(t) =

[
xi(t)

x̄fp,i(t)

]
, Aap,i =

[
Aii 0
0 Afp,i

]

bap,i =

[
bi

bfp,i

]
, cap,i =

[
ci

cfp,i

]

have relative degree of 1 and minimum-phase, is known.

Assumption 2. Linear models on some other considered
operating points, which may be unknown, can be made
minimum-phase and having the relative degree of 1 by the
PFC given in Assumption 1.

It should be noted that since ū2(t) = u2(t − d2), the
PFC for the second subsystem (i=2) has delayed input
u2(t− d2).

Under these assumptions, we propose a robust decen-
tralized output predictive control for fresh-air and EGR
system with time delay by modifying the method provided
by Mizumoto et al. (2018).

4.1 Output Estimator Design

Consider the augmented subsystems (24) satisfying As-
sumption 1. The augmented systems have the relative
degree of 1 and minimum-phase. Thus, for the augmented
system of the considered controlled system (20) with
the PFC (23), there exists a nonsingular transformation[
yap,i(t) ηi(t)

T
]T

= Φxap,i(t) such that the augmented
system (24) can be transformed into the following canon-
ical form (Isidori, 1995):

ẏap,i(t) = a∗a,iyap,i(t) + b∗a,iūi(t) + cTη,iηi(t) + dT
w,iwi(t)

η̇i(t) = Aη,iηi(t) + bη,iyap,i(t) + Fw,iwi(t)
(25)

In (25), a∗a,i, b
∗
a,i denote practical parameters for an opti-

mal linear model. Unfortunately, since the optimal model
for the considered operating point is not known, the system
representation given in (25) is not available. Therefore we
represent the system by using nominal parameters aa,i, ba,i
as follows:

ẏap,i(t) =aa,iyap,i(t) + ba,iūi(t) + fi(t) (26)

fi(t) =∆aa,iyap,i(t) + ∆ba,iūi(t)

+ cTη,iηi(t) + dT
w,iwi(t) (27)

with ∆aa,i = a∗a,i−aa,i , ∆ba,i = b∗a,i−ba,i. fi(t) indicates
uncertainty of the system caused by model mismatch.
It may include uncertain nonlinear properties. Thus the
system can be modelled as an output equation form as in
(27) with uncertain function fi(t).

Now, design the output estimator for the system (26) as

ż1,i(t) =aa,iz1,i(t) + ba,iūi(t) + z1,i(t)

+ k1,i(yap,i(t)− z1,i(t)) (28)

ż2,i(t) = k2,i(yap,i(t)− z1,i(t)), (29)

where z1,i(t) is the estimated value of yap,i(t) and z2,i(t)
is the estimated value of fi(t). the design parameters k1,i
and k2,i are set such that

A0,i =

[
aa,i − k1,i 1
−k2,i 0

]
(30)

is a stable matrix.

4.2 Output Predictor

Based on the form of designed output estimator (28), we
consider the following output predictor from a current time
t0 for the augmented system:

˙̄̂yap,i(t) = aa,i ˆ̄yap,i(t) + ba,iv̄i(t) + z2,i(t0) (31)

ˆ̄yap,i(t0) = z1,i(t0) , t ≥ t0

with a predictive control input v̄i(t) that is to be deter-
mined later.

In the designed output predictor, z2,i(t0) is a compensation
term for uncertain function fi(t) so that one can design a
robust output predictor with respect to model mismatch
on the given nominal model.

It should also be noted that the designed output predictor
is the one for the augmented system with the given PFC
(23).

Therefore, the predicted virtual ideal output for the practi-
cal system is obtained from the structure of the augmented
system (24) by

ˆ̄yi(t) = ˆ̄yap,i(t)− yfp,i(t)

= ˆ̄yap,i(t)− cTfp,ixfp,i(t)

= c̄Tap,ix̄ap,i(t) , (32)

with

x̄ap,i(t) =

[
ˆ̄yap,i(t)
xfp,i(t)

]
, c̄Tap,i =

[
1 , −cTfp,i

]

where xfp,i(t) and yfp,i(t) are the state and output of the
PFC (23) with the input of ui(t) without time delay.

ẋfp,i(t) = Afp,ixfp,i(t) + bfp,iui(t)

yfp,i(t) = cTfp,ixfp,i(t)
(33)

The state equation of the defined x̄ap,i-system can be
expressed by

˙̄xap,i(t) = Āap,ix̄ap,i(t) + B̄ap,iv̄ap,i(t) (34)

with

Āap,i =

[
aa,i O
O Afp,i

]
, B̄ap,i =

[
ba,i 1
bfp,i 0

]

v̄ap,i(t) =

[
v̄i(t)

z2,i(t0)

]

Using this output predictor we consider designing an
output predictive controller based on the method provided
in Mizumoto et al. (2018).

Remark 1. The reason why the PFC stats with the input
having no time delay is used in the output predictor is
that we consider designing optimal current input in the
following predictive control.

4.3 Output Predictive Controller Design

We consider to find a control input v̄(t) minimizing the
following cost function Ji:

Ji =
1

2
x̄T
ap,i(tf )Pf,ix̄ap,i(tf )

+

∫ tf

t0

1

2

{
ˆ̄ei(t)

2 + riv̄i(t)
2
}
dt (35)

ˆ̄ei(t) = ˆ̄yi(t)− ym,i(t)

under the equality constrain in (34) and the following
terminal constrain:

ˆ̄ei(tf ) = ˆ̄yi(tf )− ym,i(tf )

= c̄Tap,ix̄ap,i(tf )− ym,i(tf ) = 0, (36)

where Pf,i = Pf,i > 0 and ri > 0 are weights.

It is well recognized that the optimization problem of (35)
can be solved as the following Euler-Lagrange equation by
introducing Lagrange multipliers λi, νf,i:

˙̄xap,i(t) = Āap,ix̄ap,i(t) + B̄ap,iv̄i(t) (37)

x̄ap,i(t0) =

[
ŷap,i(t0)
x̄fp,i(t0)

]
(38)

λ̇i(t) = −c̄ap,i ˆ̄ei(t)− ĀT
ap,iλi(t) (39)

v̄i(t) = − 1

ri
b̄
T
ap,iλi(t) (40)

λi(tf ) = Pf,ix̄ap,i(tf ) + νf,ic̄ap,i (41)

b̄ap,i =

[
ba,i
bfp,i

]

From this results, the optimal predictive input v̄(t) is ob-
tained from (40) by solving (39) with the initial condition
λi(t0) which leads to satisfy (41) with a νf,i.

The initial condition λi(t0) and a value of νf,i that ensures
the relation in (41) are obtained as follows from the given
and known conditions as follows (Mizumoto et al., 2018):

[
λi(t0)
νf,i

]
=

[
M4,i(tf )− Pf,iM2,i(tf ) −c̄ap,i

c̄Tap,iM2,i(tf ) 0

]−1

×
[
Pf,iW1,i(tf )−W2,i(tf )
ym,i(tf )− c̄Tap,iW1,i(tf )

]
(42)

with

Mi(tf ) =

[
M1,i(tf )M2,i(tf )
M3,i(tf )M4,i(tf )

]
= eA

∗
i (tf−t0)

W1,i(tf ) = M1,i(tf )x̄ap,i(t0) + a1,i(tf )

W2,i(tf ) = M3,i(tf )x̄ap,i(t0) + a2,i(tf ),

where

A∗
i =


 Āap,i − 1

ri
b̄ap,ib̄

T
ap,i

−c̄ap,ic̄
T
ap,i −ĀT

ap,i




[
a1,i(tf )
a2,i(tf )

]
=

∫ tf−t0

0

eA
∗
i τ

[
0 1

c̄ap,i0

] [
ym,i(tf−τ)
z2,i(t0)

]
dτ

(43)

The obtained predictive control input v̄i(t) is the optimal
input, and thus we design the practical optimal control
input ui(t) by

ui(t) = v̄i(t) (44)

for a given interval t ∈ [t0, t1) (t1 ≤ tf )

5. VALIDATION THROUGH NUMERICAL
SIMULATION

The effectiveness of the proposed method is validated
through numerical simulations for an air path system given
in the section 2.
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4.2 Output Predictor

Based on the form of designed output estimator (28), we
consider the following output predictor from a current time
t0 for the augmented system:

˙̄̂yap,i(t) = aa,i ˆ̄yap,i(t) + ba,iv̄i(t) + z2,i(t0) (31)

ˆ̄yap,i(t0) = z1,i(t0) , t ≥ t0

with a predictive control input v̄i(t) that is to be deter-
mined later.

In the designed output predictor, z2,i(t0) is a compensation
term for uncertain function fi(t) so that one can design a
robust output predictor with respect to model mismatch
on the given nominal model.

It should also be noted that the designed output predictor
is the one for the augmented system with the given PFC
(23).

Therefore, the predicted virtual ideal output for the practi-
cal system is obtained from the structure of the augmented
system (24) by

ˆ̄yi(t) = ˆ̄yap,i(t)− yfp,i(t)

= ˆ̄yap,i(t)− cTfp,ixfp,i(t)

= c̄Tap,ix̄ap,i(t) , (32)

with

x̄ap,i(t) =

[
ˆ̄yap,i(t)
xfp,i(t)

]
, c̄Tap,i =

[
1 , −cTfp,i

]

where xfp,i(t) and yfp,i(t) are the state and output of the
PFC (23) with the input of ui(t) without time delay.

ẋfp,i(t) = Afp,ixfp,i(t) + bfp,iui(t)

yfp,i(t) = cTfp,ixfp,i(t)
(33)

The state equation of the defined x̄ap,i-system can be
expressed by

˙̄xap,i(t) = Āap,ix̄ap,i(t) + B̄ap,iv̄ap,i(t) (34)

with

Āap,i =

[
aa,i O
O Afp,i

]
, B̄ap,i =

[
ba,i 1
bfp,i 0

]

v̄ap,i(t) =

[
v̄i(t)

z2,i(t0)

]

Using this output predictor we consider designing an
output predictive controller based on the method provided
in Mizumoto et al. (2018).

Remark 1. The reason why the PFC stats with the input
having no time delay is used in the output predictor is
that we consider designing optimal current input in the
following predictive control.

4.3 Output Predictive Controller Design

We consider to find a control input v̄(t) minimizing the
following cost function Ji:

Ji =
1

2
x̄T
ap,i(tf )Pf,ix̄ap,i(tf )

+

∫ tf

t0

1

2

{
ˆ̄ei(t)

2 + riv̄i(t)
2
}
dt (35)

ˆ̄ei(t) = ˆ̄yi(t)− ym,i(t)

under the equality constrain in (34) and the following
terminal constrain:

ˆ̄ei(tf ) = ˆ̄yi(tf )− ym,i(tf )

= c̄Tap,ix̄ap,i(tf )− ym,i(tf ) = 0, (36)

where Pf,i = Pf,i > 0 and ri > 0 are weights.

It is well recognized that the optimization problem of (35)
can be solved as the following Euler-Lagrange equation by
introducing Lagrange multipliers λi, νf,i:

˙̄xap,i(t) = Āap,ix̄ap,i(t) + B̄ap,iv̄i(t) (37)

x̄ap,i(t0) =

[
ŷap,i(t0)
x̄fp,i(t0)

]
(38)

λ̇i(t) = −c̄ap,i ˆ̄ei(t)− ĀT
ap,iλi(t) (39)

v̄i(t) = − 1

ri
b̄
T
ap,iλi(t) (40)

λi(tf ) = Pf,ix̄ap,i(tf ) + νf,ic̄ap,i (41)

b̄ap,i =

[
ba,i
bfp,i

]

From this results, the optimal predictive input v̄(t) is ob-
tained from (40) by solving (39) with the initial condition
λi(t0) which leads to satisfy (41) with a νf,i.

The initial condition λi(t0) and a value of νf,i that ensures
the relation in (41) are obtained as follows from the given
and known conditions as follows (Mizumoto et al., 2018):

[
λi(t0)
νf,i

]
=

[
M4,i(tf )− Pf,iM2,i(tf ) −c̄ap,i

c̄Tap,iM2,i(tf ) 0

]−1

×
[
Pf,iW1,i(tf )−W2,i(tf )
ym,i(tf )− c̄Tap,iW1,i(tf )

]
(42)

with

Mi(tf ) =

[
M1,i(tf )M2,i(tf )
M3,i(tf )M4,i(tf )

]
= eA

∗
i (tf−t0)

W1,i(tf ) = M1,i(tf )x̄ap,i(t0) + a1,i(tf )

W2,i(tf ) = M3,i(tf )x̄ap,i(t0) + a2,i(tf ),

where

A∗
i =


 Āap,i − 1

ri
b̄ap,ib̄

T
ap,i

−c̄ap,ic̄
T
ap,i −ĀT

ap,i




[
a1,i(tf )
a2,i(tf )

]
=

∫ tf−t0

0

eA
∗
i τ

[
0 1

c̄ap,i0

] [
ym,i(tf−τ)
z2,i(t0)

]
dτ

(43)

The obtained predictive control input v̄i(t) is the optimal
input, and thus we design the practical optimal control
input ui(t) by

ui(t) = v̄i(t) (44)

for a given interval t ∈ [t0, t1) (t1 ≤ tf )

5. VALIDATION THROUGH NUMERICAL
SIMULATION

The effectiveness of the proposed method is validated
through numerical simulations for an air path system given
in the section 2.
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Fig. 4. Step response for identification

5.1 Control System Design

In order to design the proposed decentralized output
predictive control system, we first obtain simple nominal
models from the throttle valve opening upt to the fresh
air mass Wcly,air and from the EGR valve opening uegr to
EGR ratio regr using the information about step responses
shown in Fig. 4.

The obtained linear model from upt to Wcly,air and from
uegr to regr are given by

Gnom,11(s) = Ḡnom,11(s)

Ḡnom,11(s) =
2.215e05s7 + 1.029e08s6 + 2.88e10s5

s10 + 1916s9 + 1.617e06s8 + 7.773e08s7

+4.789e12s4 + 4.26e14s3

+2.301e11s6 + 4.229e13s5 + 4.637e15s4

+1.488e16s2 + 2.07e17s+ 9.57e17

+2.74e17s3 + 7.32e18s2 + 8.53e19s+ 3.50e20
Gnom,22 = Ḡnom,22(s)e

−0.3s

Ḡnom,22(s) =
6.273e07s2 + 1.968e09s

s5 + 2814s4 + 8.259e07s3 + 2.939e09s2

+2.955e10

+2.573e10s+ 5.498e10
(45)

The PFC for output estimation and prediction is designed
as

Hest,i = Gest,i − Ḡnom,ii (46)

by considering ideal augmented systems Gest,i given by

Gest,1 =
10−3

s+ 10−6
, Gest,2 =

10−3

s+ 10−5
(47)

The design parameters in the controller are set as

k1,1 = 5× 102 , k2,2 = 1× 102

r1 = 10−2 , Pf,1 = 10−2I

k1,2 = 5, k2,2 = 0.3

r2 = 10−4 , Pf,2 = 10−4I , tf = 5[ms]

aa,i, ba,i in the output estimator are set from (47) by

aa,1 = −10−2 , ba,1 = 10−5

aa,2 = −10−4 , ba,2 = 10−4
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Fig. 5. Simulation results without control

5.2 Simulation Results

In order to recall the problem again, we did simulation
by ideal step inputs. The result is shown in Fig. 5. As
shown in Fig. 5(a), the overshoot/undershoot phenomena
for the fresh air mass flow rate were caused by the
transport delay of EGR. The delay, which is varying
according to the situation, is shown in Fig. 5(c). The
overshoot/undershoot phenomena on the fresh air mass
flow rate affect fuel consumption and causes a torque
overshoot and/or deterioration of the ride quality in the
automobiles.

Fig. 6 shows the results with the proposed method in which
the output estimator was designed based on the nominal
model given in (45) with a time delay of 0.3[s].
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Fig. 6. Simulation results of nominal delay 0.3[s]

Even though the considered air path system has a time-
varying time delay, the propose method can handle the
delay well and good control performance without over-
shoot/undershoot phenomena on the fresh air mass rate
is obtained.

In addition to the above simulation, we confirm the ef-
fectiveness of the proposed method through a simulation
according to a driving scenario shown in Fig. 7 in order
to validate the control performance in the transient state.
In the simulation, we used the same design parameters as
given in the previous simulation except the nominal value
of time-delay, and the output estimator was designed based
on the nominal model given in (45) with a time delay of
0.25[s].

Fig. 8 shows the results with the proposed method. Al-
though the controller was designed based on a nominal
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Fig. 8. Simulation results according to the driving scenario
in Fig. 7

model, the control performance with the proposed method
was maintained even for the case in transient state in which
the accelerator was pressed harder on.
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Fig. 6. Simulation results of nominal delay 0.3[s]

Even though the considered air path system has a time-
varying time delay, the propose method can handle the
delay well and good control performance without over-
shoot/undershoot phenomena on the fresh air mass rate
is obtained.

In addition to the above simulation, we confirm the ef-
fectiveness of the proposed method through a simulation
according to a driving scenario shown in Fig. 7 in order
to validate the control performance in the transient state.
In the simulation, we used the same design parameters as
given in the previous simulation except the nominal value
of time-delay, and the output estimator was designed based
on the nominal model given in (45) with a time delay of
0.25[s].

Fig. 8 shows the results with the proposed method. Al-
though the controller was designed based on a nominal
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Fig. 8. Simulation results according to the driving scenario
in Fig. 7

model, the control performance with the proposed method
was maintained even for the case in transient state in which
the accelerator was pressed harder on.
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6. CONCLUSION

In this paper, a modeling and control of an engine air path
system was considered. The detailed mean value model
of air path system with time delay due to EGR transfer
delay was derived based on a physics-based time-varying
transport delay modeling, and a decentralized output
predictive control was proposed to deal with the considered
MIMO air path system. In the considered air path system,
there exists a time delay due to the transport delay of the
EGR. A robust output estimator with a PFC for time
delay system was also proposed by taking the nominal
delay into consideration. The effectiveness of the proposed
method was confirmed through numerical simulations for
the derived air path model with time-varying time delay.
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