ON AN OPTIMAL STOPPING PROBLEM OF TIME
INHOMOGENEOUS DIFFUSION PROCESSES
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Abstract. For given quasi-continuous functions g, h with ¢ < h and diffusion process M

determined by stochastic differential equations or symmetric Dirichlet forms, characterizations of
the value functions ey (s, ) = sup,, J(s,0)(0) and w(s,x) = infr sup, J(s ;) (0, 7) are well studied so
far. In this paper, by using the time dependent Dirichlet forms, we generalize these results to time
inhomogeneous diffusion processes. The difficulty of our case arises from the existence of essential
semipolar sets. In particular, excessive functions are not necessarily continuous along the sample
paths. We get the result by showing such continuity of the value functions.
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1. Introduction and Preliminaries. Let M = (X, P, ;)) be a, not necessar-
ily time homogeneous, diffusion process on a locally compact separable metric space
X. For given (quasi-) continuous functions g, h on [0,00) x X and stopping times o
and 7, let

(1'1) J(s,:r) (U) = E(s,z) (e—ag(s + o, XU)) )
(12) J(s,w) (O’, T) = E(s,w) (670/\7 (g(s + o, XU)I{JST} + h(S + 7, XT)I{T<U})) .

The main purpose of this paper is to characterize €4(s,x) = sup, J(s)(c) and
w(s, r) = sup, inf; Jis 1) (0, 7).
Usually, such problem is considered for

13 ) = B ( R Xt)dt) T (@:7)

instead of J(s ;)(0, 7). But we use J(, ;)(c,7) because (1.3) is essentially reduced to
(1.2) by taking g + Ry f and h + R; f instead of g and h in (1.3), respectively, where
R, f is the resolvent of M.

There are lot of works related to our problem. In particular, when M is a dif-
fusion process determined by a stochastic differential equation with Lipschitz con-
tinuous coefficients, the detailed results related to €, can be found in [1], [7] and
references therein. In the time homogeneous case, Nagai [10], [11] and Zabczyk [19]
used (symmetric) Dirichlet form theory to solve the problem. The diffusion process
M corresponding to the generator on R? determined by

(1.4 Z_ o (e 52

for a uniformly elliptic functions (a;;(x))i j=1,2,... and a function p(z) > 0 belonging
to a Sobolev space on R? is contained in their framework. See also [5] and [8] for
related results.
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The purpose of this paper is to generalize those results to time inhomogeneous
diffusion processes including the case that (a;;) in (1.4) admits to depend on time
parameter. In this case, the generator for each ¢ is given by

(1.5) zd_: L) <au(t 2ol )592)

and the cooresponding Dirichlet form on L?(R?; p(z)dz) is an extension of

(1.6) EW(p, ) = Z / a;;(t, 8@ i —p(x)dx.

x)
x; Ox
Pt Ox; Ox;

In the Lipschitz continuous and time homogeneous cases stated above, the (quasi-)
continuity of the value functions €4 and w follows naturally. The essential step in this
paper is to prove the fine and cofine continuities of the value functions.

The organization of this paper is as follows. In the rest of this section, the
notions of time dependent Dirichlet forms and the basic properties of the associated
time inhomogeneous Markov processes are stated. In section 2, under the separability
condition, quasi-variational inequalities and their solutions are given. In section 3,
the optimal stopping problem is solved dividing into three cases; (I) one obstacle
cases, (IT) two obstacles cases under the separability condition and (III) general two
obstacles cases.

Now we shall start with our settings. Let X be a locally compact separable metric
space and m a positive Radon measure on X with full support. We assume that we
are given a family (E(t),F)tZO of Dirichlet forms on H = L?(X;m) satisfying the
following conditions:

(i) For each t > 0, (E®)| F) is an m-symmetric Dirichlet form on H.
(ii) For any ¢ € F, E®(yp, @) is measurable function of ¢ > 0 and satisfies

(1.7) A Y[W)I% < BD (9,4) < A|[%,

for some positive constant A, where E((xt)(w,z/)) = EW () + a(th, )y, and ||¢]|% =
B (,9).
(iii) F is regular, that is Co(X) N F is uniformly dense in Cy(X) and || - || p-dense in
F, where Cy(X) is the family of continuous functions on X with compact support.
(iv) For any t > 0, (E®, F) is local, that is, for any ¢, € F N Cy(X) such that
@ =0, B (p, ) =0.

For simplicity, we put E®) = E(©) for ¢t < 0. For each ¢, there exists an operator
A® from F to F’ such that

(1.8) —(AD g, y) = EW(p,1)),

for any ¢,1¢ € F. To consider an optimal stopping problem related to the time
inhomogeneous diffusion process X; with generator A®), we shall introduce the space-
time process Z; = (7(t), X;) on Z = R! x X with uniform motion 7(¢). Formally, the
resolvent R, f of Z; satisfies

(1.9) (a - % - A“)) Rof(t,x) = f(t, ).
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To define Z; more rigorously, let us introduce the spaces H, F and W. Put H =
{u(t,z) : u(t, ) € H,||u|lx < oo}, where

Jull = [ et

The space F is a family of measurable functions v € H such that u(¢,-) € F for all ¢
and |ul|z < oo, where

2
Jully = [ Jutt. )15 de
R1

The dual space F' is defined similarly by taking F’ instead of F' in the definition of
F. For any function f € F, considering f as function of t € R! with value in F’, the
distribution sense derivative f /0t is defined as a function g(,-) on R! with value in
F’ such that

| ategewar = [ oo
for any & € C§°(R!). Using this derivative, define the space (W, | - |w) by

W{UG}':ZZLE}'/, |u||W<oo}

2
2
+ Jlul| = -
f/

du
ot

lulfy =
Further define the bilinear form £ by
_ [ (o O (u(t. ). v(t. -
U ) dt+ EY(u(t,-),v(t,-)dt, uweW,veF
Rl 6t Rl
E(uv) = o
/ (,u> dt + ED(u(t,),v(t,))dt, ueF,veW.
Rl at Rl

Then, for f € H, R.f in (1.9) is considered as a version of G, f € W of the
solution of

Ea(Gaf,v) = (f,0)0,

for any v € F, where E,(, ) =E&(, )+a(, ), and dv(t,z) = dtdm(x). This equation
is equivalent to

0
~ (pGaf(t.)¢) + B Gl (t.):9) = (£1t..9)
for any t > 0 and ¢ € F. The dual resolvent @af € W is defined as a solution of
9 ~ N
(5iGattt)0) + B (9.Cuf(0.) = (£t

for any ¢ > 0 and ¢ € F. Then, for any f € F [resp. f € H], [[aGafllr < Ci||fll#
[resp. [[aGof]l < ||f]l%] for some constant Cq and lim, . aGof = f in F [resp. H]
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(see [[14];Lemma 2.1], [[16];1.3, 1.4]). Similar results also hold for the dual resolvent

«
To choose a version R, f of G, f, we need to define a capacity. A function v € F
is called a-excessive if E,(u,w) > 0 for any non-negative function w € W. Then
u € F is a-excessive if and only if u > 0 and G g1qu < u a.e. for all 3 > 0 (see [14]).
We denote by P, the family of all a-excessive functions. In particular put P = P;.
For any function h € H, let

Ly={uveF:u>hv-ae}

and £4 = L;,. Then the following results hold (see [9] and [15]).
LEMMA 1.1. For any € > 0 and o > 0, there exists a unique function hS € W
such that

10) = (GE) +EO 020 = 2 (0200 - ) )

for any ¢ € F.

THEOREM 1.2. Suppose that L, N W # 0. Then ef = lim.|ohS converges
increasingly, strongly in 'H and weakly in F. Furthermore, ej is the minimal function
of Po N Ly, and satisfies

(1.11) Ao (e, e5) < Ea (e, w),

for anyw e L, N W.
If u € P,, then there exists a positive Radon measure u& on Z such that

(1.12) Ealu,w) = /Zw(z)duz(z), for any w € Co(Z) N W.

We omit the superfix a in e}y and pg if o = 1. For any open set A of Z such that
LAaNW#D, put e =er, and pa = pte,. Then pa is supported by the closure A of
A. The capacity Cap(A) of A is defined by

Cap(A) = pa(A).
If there exists w € W such that w =1 a.e. on A, then
(1.13) Cap(4) = E,(e%, w).

The notion of the capacity is extended to any Borel set by the usual manner. A
set is called ezceptional if it is of zero capacity. If a statement holds except on an
exceptional set, then it is called that the statement holds quasi-everywhere (q.e. in
abbreviation).

An increasing sequence of closed sets { F}, } is called a nestif lim,,_,o, Cap(Z\F,,) =
0. A function u is called quasi-continuous (q.c. in abbreviation) if, there exists a nest
{F,} of closed sets such that u is continuous on each F,. The quasi-lower semi-
continuity is defined similarly. Any function v € W has a q.c. modification u. In
particular, for any f € H and a > 0, G, f and G, f have quasi-continuous modifi-
cations. The relation (1.12) can be extended to w € W by taking the q.c. modifi-
cation. For any a-excessive function u € F, define its a-excessive modification u by
u = lim, o nRy1qu. Since u is an increasing limit of quasi-continuous functions,
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u is quasi-lower semi-continuous. The following theorem and the properties of the
associated diffusion process can be found in [12], [14], [16], [17] and [18].

THEOREM 1.3. There exist diffusion processes M = (Z;, P,) and M = (Z,ﬁz)
on Z satisfying the following conditions. .

(i) The resolvents R, f and Ruf of M and M are quasi-continuous modifications of
Gof and éaf, respectively. R R

(ii) Let Zy = (7(t), Xt) and Zy = (7(t), Xt) be the decompositions of Zy and Z; into
the processes on R and X respectively. Then 7(t) = 7(0) +t and 7(t) = 7(0) — ¢.
(iii) For any open set A of Z, E.(e~“%4) is a quasi-lower semi-continuous modification
of €%, where g4 is the hitting time of A.

For later use, we present two lemmas. The proof of Lemma 1.4 can be found in
[[12];Lemma 3.7].

LEMMA 1.4. For any a-excessive function u € F, uq(f) does not charge any Borel
set of zero capacity.

LEMMA 1.5. Suppose that a sequence of 1-excessive functions {u,} converges to
zero in H. Then, there exists a subsequence {un,} such that limg_ o Uy, = 0 quasi-
uniformly, that is there exists a nest {F,} such that limy_ o U, = 0 uniformly on
each F,.

Proof. Since u,, is quasi-lower semi-continuous, there exists an open set N such
that Cap(Ny) < 1/2% and 1, is lower semi-continuous on Z \ Ny, for all n. Put
Bl ={z€ Z\ Ny : ﬂn(/:z) > 1/2%} and D? = B? U Nj. Then D7 is open and, noting
that (en,,p) = (un,, R1p) < ||pllocCap(Ny) < 1/2F for any non-negative bounded
continuous function p € H, it holds that

(epr,p) < (enr,p) + (en,, p) < 2" (tn, p) + ||pl|scCap(Ny)

I[Pl oo
ok

< 2% [lunllae - Ipllw +

For each k, take ny such that |lu, [ < 1/2?* for any n > ny. Then F,,, = Z\U, DE
is a closed set. Since {Z \ F),} is a decreasing sequence of open sets such that

~ 1
(B2\F,» R1p) = (ez\5,,,P) < g1 (ol + llpllso) 5

for any p satisfying the stated conditions, lim,,, oo Cap(Z\Fy,) = limy, o0 i\, (Z) =
0. Furthermore, limg_, o0 %y, = 0 uniformly on each F,. 0

2. Quasi-variational inequalities. In this section, we assume that we are given
two obstacles g,h € F which are quasi-continuous and g < h q.e. We say that the
pair (g, h) satisfies the separability condition if there exist ¢, 1) € P such that

(2.1) 9<@-v<h qe
Define the sequences of 1-excessive functions {u,} and {v,} inductively by
Upg = 07 Un = €y, _1—hs Un = €y, +g-

For any ¢ € P, let Ly be a continuous linear functional on F defined by Lg(w) =

Aj (¢, w). In the proof of Lemma 5.2 in [14], one can see that 2@1L¢ — ¢ is 1-
coexcessive, thus in particular non-negative. Hence

(2.2) ¢ <2G L, € W.
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LEMMA 2.1. Suppose that the separability condition (2.1) holds. Then
(i) Upn, v, are well defined.

(i) lim, oo uy, = 4 and lim,,—,oc v, = U converge increasingly, strongly in H and
weakly in F.
(i) u <o, <9 and g<u—0<h ae.

Proof. Clearly ug = 0 < . Suppose that u,_1 is defined and satisfies u,—1 < .
Then by the separability condition, u,—1 —h < p—h <. Thus u,—1 —h < 2@1Lw e
W by (2.2). Hence vy, := e, _,—p is well defined and v,, < ¢ by Theorem 1.2. Again,
by (2.2) and the separability condition, v, +g =€y, ,—nh+9g<V+g<¢ < 2@1L¢ €
W. Therefore u,, := €,,+4 is well defined and dominated by .

If up_1 < up, then v, =€y, —n < €yp—h = Vng1 and Up = €y, 49 < €y yi1g = Untl
Thus wu, and v,, are well defined and increasing relative to n. By virtue of (2.2),

A (un-tn) < 261 (un, G1 Ly) < 2||un| £ Gr Ly -

Hence {||u,|l#} is bounded. Similarly, {||v,||#} is bounded and the assertion (ii)
holds by Lemma 1.2.12 in [6].
Since u, < ¢ and v, < 1, the first assertion of (iii) holds. Furthermore, from the
definition, u,—1 — h < v,, and v, + g < u,. This implies the second assertion of (iii).
O

THEOREM 2.2. Under the separability condition, i = ezyg and ¥ = eg_p. In
particular,

Ay (ﬂ, ’[L) <& (ﬂ,w)7 Yw € E{,Jrg NnW,
A1 (0,0) < &E1(B,w), Yw € Ly—p NW.

Moreover, if a pair of 1-excessive functions (u,v) satisfies g <u —v < h, then u <u
and v < v.

Proof. Since u is a l-excessive function in L4, clearly ey < 4. Conversely,
U = limp oo Up, = limy— o0 €4, 49 < €p4g by Lemma 2.1. Similarly, ¥ = ez—,. The
quasi-variational inequalities are already stated in Theorem 1.2. By Lemma 2.1, if
g, h satisfies the separability condition with (u,v) € P x P, then u,, < u,v, < v for
any n. Since lim,, o %, = 4, lim,_,., v, = U, we obtain u < u,?v < v. O

Similar quasi-variational inequality for @ — ¥ also holds. But it will be given in
the next section because we use a probabilistic argument for the proof.

LEMMA 2.3. For any g € W, limg .0 €5_g = 0 in F.

Proof. Since g — g%) € Ly g NW,

A1 (g, e5_gm) < &1 (6g_g<k>,g - g(k))
==& (9 - g(k)aegfgm) +2A4; (eg,gwng - g(k))
(2.3) ==& (g, L kékeg_gm) + 24, (eg—g(k)’g - Q(k)>
<2lglwle,—gw — kGreg_ym ll7 + 2lg — g®ll 7 lle,— gl 7

< Algllw(Cr + D)[leg_ g || #-

Hence Aj(ey_gw),e4_g0) is bounded. By virtue of [[16];IIT.Lemma 2.2], e, ) con-
verges to 0 strongly in H and hence weakly in F from [[6];Lemma 1.2.12]. Since
|\k@keg_g<k)\|]: < Cilleg_y|l7, by the same argument, limy oo kékeg_g(m =0
strongly in H and weakly in F. Hence, from (2.3), limy . A1(e,_ ), €5_g00) = 0.
O
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3. An optimal stopping problem. Let M and M be the diffusion processes
given by Theorem1.3. Denote by R, and R, their associated resolvents. For any stop-
ping time o, define H,u by Hyu(z) = E, (e °u(Z,)). In particular, put Hg = H,,
for the hitting time op of the nearly Borel set B.

(I) One obstacle case:
Let g be a quasi-continuous function of F such that £, N W # (0. As in the previous
section, denote by e, the minimal 1-excessive function of £,. Then it is the minimal
function of £, satisfying the quasi-variational inequality (1.11). The following result
is a time inhomogeneous version of Nagai’s result [10].

THEOREM 3.1. Suppose that g € F is quasi-continuous and L, N W # (. Then

(3.1) eg(2) = Sl;p J.(0)=E. (e "%9(Zsy)) q.e.,

where the supremum is taken over all stopping times o and B = {z : €,(z) = g(2)}.
Proof. Noting that e, is the smallest 1-excessive function dominating g q.e., we
have for any stopping time o,

E. (e 79(Z5)) < E. (e 7¢4(Z,)) < €(2) gqee.
Hence it is enough to show
(3.2) eg(2) =E. (e79(Zsy)) .

This is essentially shown in [[14], Lemma 6.2], but we shall give the outline of the
proof for the completeness. For €, | 0, let g, be a q.c. version of the solution of g,, =
(1/en)G1 ((gn — g)7) determined by Lemmal.l. Let B, = {z : gn(2) < g(2)} and
On = 0p,, where 74 is the first entry time of A defined by 64 = inf{t > 0: Z; € A}.
Then

n)

En
= E. (e gn(Zs,)) < E. (e7"9(Z5,))
<E, (e_dng.q(zc'rn)) :

gn(2) = iEz (/:o e (gn — g)_(Zt)dt)

Put ¢ = limy,, o 0. Then ¢ < op. By virtue of Theoreml.2, since g, T ¢4 a.e., we
then have, for any non-negative function f € H,

(f.8g) = lim (f,9n) = lim Ep, (e77"gn(Zs,)) < lim By, (7 g(Zs,))
= Ery (e779(Z5)) < Ep (¢776(25)) < (£.2,).

Hence ¢4(z) = E. (e7?g(Zs)) for a.e.z. Since g < €, q.e., we also have g(Z;) =
€4(Zs) and hence 6 < ¢ a.s. P, for a.e. z. Therefore 6 = op a.s. P, and €,(z) =
E, (e‘ng(ZdB)) for a.e. z. By taking the 1-excessive regularization, we get the result.
|

REMARK: Since 6 < op, it holds that

gg Z H&ng Z Hng Z HBg q.e.

Hence Theorem 3.1 implies that Hs,e, = Hpey g.e.z. In particular, the set of irreg-
ular points of B is exceptional.



8 Y.OSHIMA

(IT) Two obstacles case under the separability condition:
We assume that we are given two quasi-continuous functions g,h € F such that
g < h q.e. If the separability condition (2.1) is satisfied, then there exists the
minimal pair of finely continuous functions (@, 7) given by Theorem 2.2. They are
given by @ = limg_oo U and v = limg_. o U with the solutions u, v, € W of
g = (1/ex)Go ((ug — v —g)7) and v = (1/ex)Go ((Ux — @+ h)7), respectively. De-
fine the sets Cy and Dy by

(33)  Ci={z:m(2) < G+ D)) De={z:m() < (@— W),
Then Cy, D C and Dy, D D for
(3.4) C=A{z:u(z)=(9+9)(2)}, D={z:9(z) =(a—h)(z)}.

As we remarked before (2.2), 4 can be represented as a difference of a function of W
and a co-excessive function. In particular, @ has a qg.e. cofinely continuous mod-
ification @ given by u = lim,_ nRy+1%. Since @ is q.e. lower-semicontinuous,
u(z) = limy_ E, (a(Z;)) > lim,_, u(y) > u(z) qe. Similarly a q.e. cofinely con-
tinuous modification v of v exists and satisfies ¥ > o q.e.

Since v is l-excessive, there exists a positive Radon measure py charging no
exceptional set such that & (0, w) = (ug,w) for any w € W. In the following two
lemmas, we use the notation ps r = ps|F, o, pe = ls|pe, Up = (71#,—,71:, Upe = ﬁlu@,pc
and Upc = lim,, oo nﬁn+1'f)pc.

LEMMA 3.2. Assume that there exists a non-exceptional compact set F' such that
Fc{z:(U—-"0)(z) > 8} for some 6 > 0. Then Upe(z) = Upe(z) for g.e. z € F.

Proof. For the simplicity of the notation, put p1 = g, r, pt2 = lp,Fe, U2 = (71/,&2
and vy the cofinely continuous modification of v5. Assume that there exists a non-
exceptional compact subset K of F such that 02(z) < 02(z) for qe. z € K. For a
decreasing sequence of open sets G, such that G,,1; C G,, and N,,G,, = K, since o¢,
increases strictly to o a.s. P, for q.e. z ¢ K, the left continuity of U3(Z;) implies that

lim Hg, v2(z) = lim E, (e_”G" EQ(ZG—GH) =F, (e_"K@Q(ZgK)) = Hg0s(z2).

On the other hand, since pg(K) = 0, for any f € L3 (Z), we have from [[14]; Corol-
lary 5.1] and [[2]; Theorem 1.11.2].

lim (HG"TJQ, f) = nh—>Holo gl(HGnT)Q, ﬁlf) = nlLH;o gl(Ulﬂg,ﬁGn Elf)

= T}LI{.IO<M2J§G,J§1JC> = (u2, Hx Ry f)
= (HK1727f)

Hence Hgvy = Hi Dy a.e. which contradicts to the assumption. 0

LEMMA 3.3. u=1u and 0 =0 q.e.

Proof. We shall divide the proof into three steps.
Stepl: The sets {z : ¥(z) > 9(2),0(z) > (u — h)(2)} and {z : u(z) > u(z),u(z) >
(V4 ¢g)(2)} are exceptional.
To prove that any compact subset set of {z : ¥(z) > ©(2),0(z) > (u— h)(2)} is
exceptional, assume that there exists a compact non-exceptional subset F of {z :
v(z) > v(z) + 6,0(2) > (u — h)(2) + 6} for some 6 > 0. For any cofinely open
neighbourhood A of F, since Ha vp = (71 (fIAu;,)F) = (71/1571: = Up, UF takes its
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supremum on the cofine closure "F of F. Put 7 = qg.e.sup U = q.e.sup vr and
F, = {z : vp(2) = v} C "F. Then any cofine neighbourhood of F, has positive
capamty Suppose that q.e.sup(& —h — 0pe) =+, then q.e.sup(t—h —Vpc) = 7. Since
u—h—Vpe < Up, the q.e. supremuin of 4 — h — Upe is attained on F, C "F C F.
But, this is absurd, because & — h — Dpe is a cofinely continuous function dominated
by Ug — 6 on F. Therefore 4 — h — vpe < 1 q.e. for some p < 7. In particular
4 —h < 9p An+ Vpe. Since vp A1+ vpe is an excessive function satisfying

g<u—v<u— (vp An+vpe) < h,

this contradicts to the minimality of 7. Now we have shown that the set {z : ¥(z) >
0(z),0(z) > (u—h)(2)} is exceptional. The exceptionality of {z : u(z) > @(z),v(u) >
(U4 g)(2)} follows similarly.

Step2: ©u—v=1u— 0 q.e.

If (u—1u)(z) < (V—0)(2), then v(z) > v(z) and V(z) > (u—h)(z), because (u—h)(z) <
(t+v—v—"h)(z) <V(z). Hence {z: (u—1u)(z) < (U—10)(2)} is exceptional from step
1. Similarly {z: (@ — @)(z) > (v —0)(2)} is exceptional.

Step3: ©=1u and v = ¥ q.e.

Note that pg and py are mutually singular. In fact, if we can write pug = u%‘g) +f s
for some non-negative measure ,u%s) and non-negative function f such that (us, f) > 0,
then

i—9=0Up Uluv—Ul( Y (f—fAL) - ) U (1= fAD) - o)

which contradicts to the minimality of 4 and ¥ in Theorem 2.2. Hence there exists
a Borel set B such that pg(-) = pa(BN-) and ps(-) = ps(B°N ). By virtue of
Lemma 3.2, if {z : U(z) # 0(z)} is not exceptional, then there exists a compact non-
excdeptional set F' C {z : ¥(z) > 9(z)}. Since Upc = Upe q.e. on F by Lemma 3.2,
Ur > UF q.e. on F and, in particular, uz(F) = puz(B¢N F) > 0. We may assume
that F' C B°. Then uz(F) = 0 and hence ¥ = @ q.e. on F. In fact, if ¥ > @ on a
non-exceptional set K C F, then Uigc = uge q.e. on K and hence Ug > g g.e. on
K. This implies pg(K) > 0 which is impossible because pz(F) = 0. Therefore

(@—7)—(a—7)=—(3—5) <0

g.e. on F' which contradicts to the assertion of step 2. ]
Since 4 is finely continuous, @(Z;) is right continuous a.s. P, for q.e.z. Similarly,

(Zy) is right continuous a.s. P, for q.c.z. Since @ = 4, it becomes continuous along
the sample paths. In fact, for any f,g > 0 and ¢t > 0,

(9(Z0)  0(Z,)- # al(Z,),3s € (0,1)
oo ((Z0) s a(Z) 1 # 0(Z4), 35 € (0.1))

=B, (f@) L(Zy)4 £ 0(Z,),3s € (O,t)) =0.

Ey.

Il
@ <

The similar result also holds for v. Hence
(3.5) P, (u(Z;) and ©(Z;) are continuous for t > 0) =1

for a.e.z. By operating the transition function ps and letting s — 0, (3.5) holds for
q.e.z.
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Let 7 = {u=wu; —us +w;u; € P,w € W}. As in [[14];85], £ can be extended to
J x T by E(u,v) = limg—00 E(aGuu,v) for u,v € J.

LEmMMA 3.4. The function w := u — v is the unique function of J such that,
w=w, g<w<h and, for any w € J satisfying g < w < h,

(3.6) Ay (0, ) < & (0, w).

Proof. For any w € J such that g < w, since

1
E1 (T, Uy, — U — w) = - (@ —v—9) ,tn —0—w) <0,
it holds that
(3.7) Ai(t,u) < lim & (tUn.Uy) < Um (& (Un,0) + &1 (U, w)) .
n—oo n—oo

For any p € P, since & (tn,p) = —E1(p, Un) + 241 (ty, p) and aG o411, is increasing
relative to a and n, we have

lim & (t,,p) = — lim lim & (p,aGai1ly) + 241 (T, p)

n—oo n—oo ax—0o0

= — lim & (p,aGqat11) + 2 lim A;(aGot1T,p)
a— 00 a— 00
= O}LIEO 51 (O{Ga+1a,p) = 81 (Iaap)
This relation can be extended to all p € J and hence, by (3.7),
Ai(w,0) < & (a,0) + E1(a, w).
Furthermore, since ¥ = 7 q.e. from Lemma 3.3,

& (a,9) = lim & (aGays1, D) = lim & (a,a@aﬂa)

a—00
= /@dﬂa = /@dﬂﬂ
(38) = lim 51(’[_1,701Ga+11_)).

Thus we get that

Al(ﬂ,ﬂ) < lim El(ﬂ,aGa+16) +51(’EL,’LU).

a— 00

Similarly, for any w € J such that w < h,

A (0,0) < lim & (aGoy10,0) — E1(T, w).

a— 00

Therefore, for any w € J such that g < w < h,

(
= Ay (a,u) + A (0,0) — 2 O}LH;O A (t, aGo417)

= Ay (i — 0,7 — D),
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that is, (3.6) holds. To prove the uniqueness of the solution, suppose that wy,ws € J
satisfy the properties of the lemma. Since (3.8) holds for w; and ws instead of 4 and
v, respectively,

A (wr, we) + Ay (wa.wr) = O}LHOIC (Ai(w1,aGqp1w2) + A1 (aG 1w, wr))

= lim (51(w1,OéGa+11U2)+51(O¢Ga+1IU2,’UJ1))

o— 00

= El(wl, wz) + 51(102, w1)~
Hence, from (3.6),

Ai(wy — wa, w1 —wa) = Ay (wr, wr) + Ai(wa, wa) — Ai(wr, wa) — Ay (w2, wr)
= A (wy,wy) + A1 (we, we) — &1 (wy, wa) — E1(we,w1) <0

which implies w; = wo a.e. 0

Put ¢, = 6¢, and 74 = 6p,. Since Cy and Dy are decreasing, ¢ = limy_, 0%
and 7 = limy_, o, 7% exist as increasing limits. Clearly ¢ < 6¢ and 7 < op.

LEMMA 3.5. For qe. z€ Z,6c =06 and 6p =17 a.s. P,.

Proof. We shall only prove the assertion for 6¢. For any ¢ < k,

ue(Zs,,) < ur(Zs,) < (9+0)(Zs,)

Hence, by letting k T oo and then ¢ T oo, we get from (3.5) that 4(Z;) < (g4 7)(Zs).
Hence 6¢ < o. O
Since @ and v are 1-excessive,

(3.9) u(2)
(3.10) ()

(

E, (e
E.(e7"0(Zy)),

for any stopping times o and 7. From the definition, 4 = éRl ((ugy —g—0)7) qe.
Hence, for any stopping time o such that o < o,

) =25 ([Tt g0 @)

€k
1 o0
=—F, (/ e uy —g— v)_(Zt)dt)
Ek -
(3.11) =FE. (e uk(Z,)) q.e.z.
Similarly, if 7 < 7, then
(3.12) Ue(2) = E. (e Top(Z7)) -

THEOREM 3.6. Suppose that g and h are quasi-continuous functions of F satis-
fying the separability condition. Then

(3.13) (z) — v(z) = supinf J,(o,7) = infsup J.(0,7) q.e.

o T o

Furthermore, (6¢,6p) is the saddle point of J,(o,T) and @ — v is the unique solution
of the quasi-variational inequality (3.6).
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Proof. For any stopping time 7, applying (3.10) and (3.11) for 64 A 7 < J, we
have

y(2) — 0(z) < B, (e (g, — 0)(Zopnr))
=FE. (e % (tr —0)(Zs,) 1 66 < 7) + E. (e (e — 0)(Z7) : T < &%)
E, (e %%q(Zs,):6x <7)+ E. (e Th(Z;) : T < 6%) .
Then, by letting £k — oo, we have
u(z) —v(z) < E. (e %g(Zs) : 6 <71)+ E. (e Th(Z;): T < 5).
Similarly, for any stopping time o, by considering o A 7y, it holds that
E.(e779(Z,):0 <7)+E.(e7"h(Z;) : 7 < o) < u(z) — v(z).
Since ¢ = ¢ and 7 = 6p from Lemma 3.5, the assertion of the theorem follows. 0

(III) General two obstacles case:
In this case, we assume that g and A are quasi-continuous functions of WW. As in the
preceding section, put ¢*) = kRyg and h*) = kRjh. Then the separability condition
holds for the obstacles (g(k), h(k)). For any stopping times o and 7, put

(814) W (07) = B (¢ (g9 (Zo) [oery + MO (Z0) (rc0) ) -

Let (@®),5()) be the 1-excessive modifications of the minimal pair of functions de-
termined by Theorem 2.2 for (¢*), h*)) and put @*) = a*) —5*), Then @*) = w*)
g.e. and satisfies

(3.15) @™ (z) = supinf J¥) (0, 7) = inf sup J¥) (0, 7),
where %) = lim,,_ nﬁnw(k). By virtue of (3.5), @) is continuous along the
sample paths almost surely.

THEOREM 3.7. Suppose that g, h are quasi-continuous functions of W. Then
(3.16) w(z) := supinf J,(o,7) = inf sup J, (o, 7)
belongs to F and satisfies, for any w € W such that g < w < h,
(3.17) Ay (w,w) < & (w,w).

Moreover, the pair of the entry times (6¢,0p) is a saddle point of J,(o,T).
Proof. For any stopping times o, 7 and q.e.z,

(318) - (19" = gl(Zo)[(r<r) ) < Bx (€781 y)(Z)) < Flgtir—/(2)
and

(3.19) E. (€_T|h(k) - h\(ZT)I{ma}) < E. (€7 enm—n(Z7)) < oo —ny(2)-
Hence

T8 (0, 7) = J.(0,7)] < €g0r_g)(2) + Enimr_n (2) e
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By virtue of Lemmas 1.5 and 2.3, there exists an increasing sequence of closed sets
{F,} and a subsequence ny, oo such that Cap(Z\F,) — 0 and limy—.c €|yt g = 0,
limg o0 'é‘h(nk)_hl =0 in F and uniformly on each set F,,. Hence

lim infsup J{") (0, 7) = infsup J.(o,7) on F,.

k—oo T 4 T 4

(3.15) combined with (3.18) and (3.19) implies that

_(k _ (1 ~ ~ ~ ~
|w( ) — )| < gtk —g| T €1gW) —g| T €|pk) _p| T € _p| q-€-

Therefore limy_ w*) = w(>) exists in H and a subsequence converges quasi-
uniformly on each F, and satisfies

w(*>) = sup inf J.(o,7) =infsup J,(o,7) gq.e.z € F,.

Letting n — oo, we get that w(®) = @ q.e. By virtue of the quasi-variational
inequality (3.6) applied for w(*),
Al (w(k)7w(k)) S gl (w(k)7g(k)) = 51 (kék’w(k)ag)
< |lglwllkGra™®|| = < Cullgllwll@™ |+

Hence ||@® ||+ and Hkékw(k)H}- are uniformly bounded relative to k. This com-
bined with limg_, @®) = limy_, o0 kGr@w™ = @ in H, implies that limy_,., @*) =
limg o0 kGrw®) = @ weakly in F. Therefore, for any w € W such that ¢ < w < h,

Ar(@®, 0 ®) < & (@™, kGrw) = & (kG ™), w).

By letting k — oo, the quasi-variational inequality (3.17) follows.
The proof of the last part of the theorem is similar to [19]. It suffices to prove the
following inequalities for any stopping times ¢ and 7 such that 7 < 6¢ and 0 < 6p.

(3.20) w(z) < E. (e Tw(Z;)) gq.e.
(3.21) w(z) > E. (e 7w(Z,)) q.e.

In fact, if these hold, by noting w(Z;.) = 9(Zs.), we have for any stopping time 7,

J.(6c,T) = E, (e_dcg(zdc)l{écﬁ‘r} + e_Th(ZT)I{T@fTC})
> Lk, (e_ocw(zﬁc)l{dcﬁ'r} + e_Tw(ZT)I{T<dC})
=E. (e 7" (W(Zsonr)) = w(2).

Similarly, J.(o,6p) < w q.e. for any stopping time o.

Let C®) = {z: 0" (2) < g®(2)}, DX = {z: h¥)(2) < 0¥ (2)}, ¢ = 6o0) and
(k) = 5. Further, for each positive number ~, let ny =inf{t > 0:w(Z;) +~ >
h(Zy)}. If t < my(w), then @(Zy(w)) +v < h(Zi(w)). Noting that limj_c w®) = w
and limy,_, o h®) = h uniformly on each F,, we can find kg such that |@®) —w| < /2
and [h®) — h| < y/2 on F, for any k > ko. Therefore, t < 7*) and hence 1, A 6, <
7(#) . In view of (3.9) and (3.12), since (3.21) holds for @w®) and 7*) instead of @ and
0p, respectively, it then holds that

’(I)(k)(z) >E, (e_("]’y/\TFn/\(T)w(k)(Zn’\//\TF"/\o')) q.e.
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Letting £ — oo and then n — oo, we have
w(z) > E, (e‘("wA")w(ZmM)) q.e.

Since w(Z,,) +v > h(Z,,) and 7, is increasing as v | 0, W(Z,,) = w(Zy,) > h(Z,,)
for no = lim,_¢ 7. This yields that ¢p < 1o and hence

w(z) > E, (e 7w(Z,))

for any stopping time o such that o < p. The proof of (3.20) is similar. |

EXAMPLE Let (Z;, P,) be the space-time diffusion process corresponding to the
generator A p(z) = 227‘5 for t <1 and AW yp(z) = %% for ¢t > 1. Denote by ¢; and
K, the transition function and resolvent of 1-dimensional Brownian motion, respec-
tively. Taking a non-negative, non-zero continuous function ¢ on R' with compact
support, let o(z) = Kag(x),

67(3725)(12(1—3)@@), s<1
g(s,z) =
e p(x), s>1

and

26_(3_3)/2(]2(1_5)@(2)7 s<1
h(s,x) =
2e % p(x), s> 1.

Furthermore let v = 0 and

6_(2_5)%(175)@(35), s<1
a(s,x) =
e ‘p(x), s> 1.
Then g < % — < h. Since (s, ) = E; 4 ([; e7'€ @ ¢(Zy)dt), for £(t) = e ' Iy>13,
u is 1-excessive function of Z; and satisfies

o0

Ai(a,u) = %e_z/ p(z)p(z)dz.

— 00

Further, for any w € J such that g < w < h,
&, w) = / / e “p(x)w(s, z)dxds > / / e p(x)g(s, x)dxds = Ay (u, ).
1 —o0 1 —o0

Therefore @ — ¥ = @ is a solution of (3.6) and the saddle point (6¢,6p) of J.(o,7) in
Theorem 3.6 is given by ¢ = (1 —7(0)) V0 and p = 0.
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