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1. Preliminaries

Example 1 M = (X, P,) :diffusion process with generator

1 dlospde
© 2da? drx dx
Associated Dirichlet form on L*(X;m) (dm = pi(z)dz) :

_ L [dedy s

Go(z)

Take p(t, z) such that p(0,z) = po(x) and put

1 d? dlogpd
() _ 149 gpayp
GV p(x) = 2 dz? + Oor dx

Associated Dirichlet form £ on du,(dz) = p?(t, )dz

1 [ dodi)
ED(p,) = 3 Jx @@f@@)dz

M? : associated time inhomogeneous diffusion:
Le. pP(s,mt, ) = E[, ) (p(Xi—s)) satisfies

o 1 9 o
—pP N = - 2 —pP N
ERACERND) 272(s.7) B1 (p (5,2)5-p (smts@))

with p2(t, 231, 0) = ()
PP(t,y;s,0) = E&y) (1#()/@_5)): transition function of dual process M of M?:

0 1

0 0
o1 PP tys o) =55 (ﬁ(t,y)ayﬁp(t,y; w))
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with initial condition p(s,y;s,v) = ¥ (y)

Problem To give conditions on p for the recurrent or transience of some sets relative
to M”

General framework:

X: locally compact separable metric space
m: a positive Radon measure on X, Supp[m] = X.

(€, F): strongly local Dirichlet form on L*(X;m)

1
5(%¢) = §/Xd:u<lp,w>($)a 90>¢ e F.

M = (X, P,): diffusion process corresponding to (&£, F).

G: generator of M
Fix p(t,z) > 0 such that

ot € Fo Lty € 120m)
Put
Q@) = p(ta)dm(o)
t 1 2
ENp) = 5 [ PP ()

Mr = (X, P(‘; J)): time-inhomogeneous diffusion process corresponding to £® on

L*(dp):

pP(s,x;t,dy): transition function of M”

Rl (s, ) = / e (s, x;5 +t,dy)p(y) resolvent
0

2. Condition for recurrence of a set

F: fixed open set D = X \ F.
Normalize p; as pu (D) = 1 Vt.
Take f > 0 such that [, f(z)dus(x) =1 (s: fix) and

Ui(ty) = Ef, (F(Xs) it —s<6r)
() = [ @ty)du)

.. 0
Ap(t) = = inf = logp’(t,x)
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Then us(t,y) is a solution of

Figor 75) =6
Multiplying @4(t,y) and integrating by p,

Lemma 2 e

(0) €0 (@t ), 1(t,) < —5 2+ Ap( (1)

(ii) If lim; .o Hy(t) = 0, then Pf (op < 00) =1

In (i) of Lemma 2,

(inf 22(t,2)) € (@l (0, ) < 9 (@l ), 8ult, )
Also, by Fitzsimmons
| @t w)dm(x) < 2|RPp(t,)wE (0. 0)
(RP : potential of the part process of M on D). Put

inf,ep p?(t, x)

on(t) =
() = RP 21
Then .
1 — 1dH 1 _
- < -4 )
Sop(OH () < =5+ (B H()

Lemma 3 For any T > s,

Hy(T) < |If

5. exp (/T (Ap(t) — 6p(t)) dt) .

Theorem 4 If

lim [ (Ap(t) — 6p(t)) dt = —oo

T—oo Js

then Py, (op < o00) = 1.

Remark If gp = || RP1||» < oo, then

_,infaep p2(t, )
op(t) > gt —== ’
D( ) N qD Sup:cED pZ(t,I)

Example 5 For a locally bounded non-negative function U € F, let
Dyp={r:a<U(x) < b}
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Suppose
1
Pt 2) = POV Y (1), B(E) = ~ log(1 + 1)
c

for

Then

0 L, U@ 1 ,
Aap(t) = —gj’fb*tlogp (t,x) —xz%lib - 1—+t+(logY(t))
b 1 ,
Y L (log Yt
P (log Y'(2))

If | RPab1]o = ap,, < o0,

1 1
inf p2(¢,-) = ——(1+¢t)7%° 2t,) = ——(1+ )"V
bt = g+ %Ep(’) vyt
0p,, = qp., (14170
Hence Theorem 4 implies

b—a<c = Pﬁus(‘jX\Da,b <o) =1

3. Conditions for transience for a set
For I'=(0,T") x F, put

ug,ﬁ(s7 l’) = E(ps,:r) (/O eatﬁAtﬁdAt>

where A; = [§ Iv(s + 7, X, )dT.
Then, if g <0 on F,

oul
- ( 875’679,02(@ ')> +E (g5, 9) = ((1 = tta ) e, 907 (1, ')>m =0

Put g = u/ 5 — v for a function v =1 on T

Assumption (A.1) ‘%pQ‘ < ko for some constant k.

Under (A.1),

«

< z// <p‘18(252)>2dmdt+2/5a (0(t, ), v(t, ) dt

4
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Assumption (A.2) There exists v(t,x) = {(t)1(x) such that 0 < &, ¢ < 1, £(t) =
1(t>0),¥=1o0n F and

// (p—la(gfz)>2dmdt+/ga ((t, ), v(t, ) dt < o0

Under (A.2), by letting f — 0o and T' — oo in (2)

hO‘(t’x) = Eé,m) (e—OéUF) = lim lim ugﬂ(t,x)

T—o00 f—o0

satisfies (2). In particular, ||hq(, )| r2(u) — 0 (t — 00)

Theorem 6 Under (A.1) and (A.2),

lim P, (op < 00) =0

§—00

Case of Example 5

In Example 5, suppose that m(X) < oo and U is bounded. Let D = D, be a
connected component of {x : U(z) < b} and F = X \ Dy, a = inf,ecp, U(x).

Since log p> = —(U(z)/c)log(1 + t) —log Y (t), (A.1) holds.

If b — a > ¢, then by taking v such that Supp[v] C {x;U(x) > b — €}, it holds that

2\ 2
(pl (‘3(25 )) < k‘(l _i_t)f(bfefa)/c

Hence (A.2) holds. Thus

If b—a>c, then P, (0p < 00) — 0, (s — 00).
Combining this with the result stated in Example 5, we can say the followings:

My}, : process corresponding to (b —c —€;) V U(x) Ab
= My}, does not hits {x : U(z) > b} approximately.

My, : process corresponding to (b —c+€) V U(x) Ab
= Mp, exits D ={z:b—c+e < U(x) < b} as.

Since My, and M}, are same until they exit from

{z:b—c+e < U(x) < b}, M approximately hit the set {z : U(z) < b— c+ €}
before {z : U(z) > b} for any ¢ > 0.

4. Limit behavior



Let

ﬂgo)(t,y) = E@,y) (f(Xt—s))

0
NO(#) = — inf = log p?(t, )

Then

VHO (3)

m

s 77s

1dH©O 1 =
)< -5 +)\(0)(t)H(0)+2Hg§

£ (50 20 < _
(a, 2 dt 2

Assumption (A.3) There exists n(t) (spectral gap) such that

n(t) [ @) = (u.0))? Pt 2)dm(z) < E0(v,0), v e F 4)
Then =)
1dH 1 ap —
HO )y < 247 2y 7O 9|2 710
HOF0 < 5+ powaw 2|l

Lemma 7 Under (A.3),

HO(T)Y? < exp (; /T (A(O)(t) — 277(t)) dt)

S

X <ﬁ<0>(s)1/2+2/f||gf|ymexp (-i/f (A1) - 2n(t)) dt))

Lemma 8 Under (A.3), if AO(t) = o(n(t)), |10p/0t||m = o(n(t)) (t — oo) and
[ n(t)dt = oo, then
lim HO(T) =0

T—o00

Corollary 9 For any bounded function ¢,

ES, (2(X0) = ()| < [lglloc HO(8)1/2

Similarly to Fitzsimmons (1),
[ 1= me(w)Eg(@)dm(w) < K| Rogllxu,u), u e F

for suitable (compact) set C', where me = m/m(C) and

Rog(e) = B, ([ e (= [ 1e(X)dr) g(x0dr)



In particular, if M is ergodic , then we can take D = X. In this case,

12191l

_ MPHJle o)
inf,cx p2(t, ) (u, u)

[ 1= m(w)P(t, ) dm(z) <
Hence we can take n as
infoX PQ(t7 .I‘)
[R19]l

Mo =

Case of Example 5

Supose that M is ergodic and R; has bounded density. Then R;p%(t, ) < (supw r(z, y))
Hence, if we consider the process M? corresponding to U A c instead of U, then

k1 1 _dlogY
mlt) = Y(t) 1+t Mlt) =773 dt
@ Vart(U) . . 2
150 = o Van(U) = [(U(@) = p(0))dp

Hence , noting that Y (¢), Var;(U) — 0, it holds that
Xo(t) = o(no(t)), 1|0p/0t]|m = o(no(t)) and [ no(t)dt = co. Hence HO(t) — 0 as
t — o0o. In the case of Example 5, we can summerize as follows: Put

m = max min (U(¢(t)) — U(z) — U(y))

2y 0<t<1
(&(t):curve connecting z,y).

(1) There is no connected set of the form D = {U(z) < b} such that DN{z : U(z) =
0} =0, and
b—min{U(z) : z € D} > m.

(2) If ¢ > m, M” approximately concentrate on the set of the form {z : U(x) < ¢}
which contains a point  such that U(z) = 0.

(3) M” concentrate at the mimimal points of U

Remark The choice of n taken above is not optimal. In fact, Holley, Kusuoka and
Stroock have shown that the spectral gap 7(t) ~ (1 + )™/,





