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1. Preliminaries

Let X = R dm(x) = dz and (€', F) be the time dependent Dirichlet
forms on L?(X;m) determined by
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for a non-increasing positive function a(t) and positive definite family
(a(o) (). M = (P(w),Xt) be the corresponding diffusion process and

j
Zy = (7(t), X¢) with 7(¢) = 7(0)+¢. Fixadomain I = {(t,z) : |z| > r(t)}
for non-decreasing function r(t) and put or = inf{t > 0: Z, € I'}..

Problem

(1) To give a condition on 7(t) under which P ) (op < 00) = 1.

(2) For a neighbourhood C of 0, to give a condition on r(¢) under which

lim P 40.m) (o0 < 0¢) = 0.
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Note that (2) does not hold if X} is ”transient”.



2. General criterion for (1) and its application

Let )/(:t be the dual process of X;

Z = (7(1), X)), #(t)=7(0)—t
6r = inf{t>0:Z, €T}, T C[0,00)xX

Then
ar(t,y) = E(t7y) (gpg()/(\t) < 51“)
satisfies o
[ Gt ael@)dm(@) + € (¢, ar(t, ) = 0

Let ®(t,-) be a one to one smooth mapping from R onto itself such that
®(0,y) = y and put
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Let Y, = ®(t, Xy) Y, = CID(t,)?t). Then they are in dual in L*(py),
wi(dy) = p(t,y)dy. For a domain D, put

~

or(t,y) = Py (800(3775) 1t < UF) , F=X\D.
Then it satisfies ¢r(0,y) = f(y), ¢r(t,y) =0 for y € F and
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Put ¢ = ¢ and
Hp(1) :/D @r(t,y)p(t,y)dy.
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Assume that there exists non-increasing function @(t) and a positive def-
inite (a@) such that
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Furthermore assume that there exists a constant kg > 0 such that

k:o/ )dy < ]Zl/ « ‘9“‘2 a;” dy, Vo€ H{(D) (1)
Then .
YE < ()~ 27(0)) Fe(t)
for

A1) = Foa(t) =2

Lemma 1 Under our settings,

(1) < llgoll, exv ([ (1(r) — 20 ) )



Note that if

d
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for a non-increasing function b(t), then we can take

Put ' = {(¢t,®(t,y)) : t > 0,y € F} and

ir(t,x) = B, (po(X0) : t < or).

Since Po.pom) (T < 0F) = P o0y (T < 01),

P T <08) = [ @rlt:y)dur(y) < \Jur(D)H(T)"?

< ligolluoy/r(D) exp (/Dt (;n(f) = A7) dr)

— 0, T — oc.
Hence we have

Theorem 2 Under (1), if

lim /(D) exp </OT <;n(7) — /\(T)> dT) =0,
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then P,., (op < 0o0) = 1. Apply this theorem for ®;(¢,y)
F={y: |yl > 1}. Then

Yii(ty) = r(t)dy
plty) = r(t)
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Hence, applying Theorem 2, we have the following theorem.
Theorem 3 Suppose that

lim #(T)2 exp (—ko /0 ' :‘((TT))QdT> —0. (3)

T—o0

Then
P(O,cpom)(UF < OO) =1. (4)

In particular, if a;; = %523, then (3) is satisfied if
r(t) <cvt (5)
for large ¢ with ¢ < \/d/(4ky).

In the case of Brownian motion,
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Hence, if r(t) > kt? for large t for some p > %, then

/0°° Py (1X:| > (1)) dt < oo,
2. General criterion for (2) and its application

Assume that £© is recurrent. For I' C [0,00) x X, h: excessive function

of Z; (h- Ir € L*(dtdm))
Hrh(z) = E. (h(Z,.)) .

Hrh = q.c.version of ep,.;. = lim._¢ he:

—/X%}?(t,x)v(x)dm(x)%—gt (he(t,"),v) = 1/X(he—h[p)_(t,x)v(:v)dm(m)
Since h, < hon I,

J, (he = hI)” (t.2) (he = g)(t.2)dm(x) <0,
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for g > 0, g—honF Hence

/ )(t, x)dm(z) + &' (he(t, ), (he — g)(t,))
; 6’(’%8; 9> (t.)im(x) — [ %, )(he — g)(t, )dm()
t& (he(t, ), (he = 9)(t,-))
< 0.

(6)

Multiply ﬁ and integrate over t € [ty ts]:

0 2 ot = )0~ 5l = )

+; ) (/ (he - 9)2(t7$)dm<x>> cZ <a(1t)> “

- : a(l) </X gi]( t,x)(he - 9)(t7x)dm(f)> dt

" @g (helt, ). (he — g)(t, ) dt.

If g(t, x) is non-increasing relative to ¢t on [t1,t5], by letting € — 0,
1 1
_ Hph)2(ty, )dm — / Hph) (1, 2)d
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n : a(lt)gt (Hrh(t,-), (Hoh = g)(t,-)) dt
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Lemma 4 Suppose that g(t,z) = h(t,z) on I', g(-,z) and a are non-
increasing on [ty,ts]. Then

B 2@&2) /X\% (Hrh)*(tz, 2)dm(z)
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C={x:|z| <t} (0<l<1l), Bg={x:|z| <R}
MTC = (X, P(Zg)) : process corresponding to the Dirichlet form &?
with reflecting boundary 05, ()41 and absorbing boundary 9C.

&r(t): non-increasing function such that {r(t) =1 for t < T — 1
fT(t) =0 fort > T.

Then h(t,x) = &p(t) is an excessive function relative to MT:C.

gr(t, x) : non-increasing function such that gr(t,z) = &r(t) on A
gr(t,x) =0 for x € C, Apply Lemma 4 for Ap = {(t,z) : t <T,r(t) <
|z| <r(T)+1}.

2a%t1> Jo, (Hatr (0, 2)dm()

1 2
" 2a(ty) /X\Atg (Har)* (b2, @)dm(x)

t2
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5l @ ( 0 > ( X\At (t,x)dm(m)) dt
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" t a(t )gt (Ha&r(t, "), gr(t,-)) dt.
r = %EEOAT = {(t,x) : r(t) < |:L‘|}
up(t,z) = lim Hyér(t,z) = Py, (or < oc)

g(t,x) = TliirgogT(t,x)

Then
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Hence, if

s [ () (L 0 m )<

t
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Slggos_s/s oM (9(t,-), 9(t,-)) dt =0

then

1S 1, B
;LHSOS_S/ S arlt )t ) de =0,

Put

Z/d a;(t, 0r)0:0;do(0)

i,7=1

O0Bj: unit of radius 1, do : surface measure

0 r</{
Py(r) = ﬁ fya(t,r) i ddr £ <r <r(t)
1 r(t) <r
where ©
A(t) = / (t, )" Lri~ddr
¢
Suppose

a(t,r) and A(t) are non-decreasing relative to t.

Then ¢(t,z) = ¥(]z|) is non-increasing. Since

ur(S, z)%dm(z) < dm(z) < k r(9)%,
JL wr(Sapdm@y < [ dm(e) < k()
(8) is satisfied if
1 ¢ =
SEEOSQ(S)T(S) 0

Similarly, since

(12)

(13)



(9) holds if

lim Ci (a(lt)> < (1) = 0. (15)
since o 1
EX (9t 9(0) = 0
(10) is satisfied if
lim a(t) x A(t) = 0. (16)

t—o00
For the existence of r(t) satisfying (16), it is necessary that a(t, ) satisfies
A(0) = / a(t,r)"'r=ddr = oo, (17)
¢
(Ichihara’s test for the recurrence of £).

If (14), (15) and (16) holds, then

_ 1 51, B
lim i/ S ot ) ur(e, ) de =0,

Hence

lim
S—o0 S — s

6ur (t,x) Qur(t, )
//Z ij ox; 0z; dudt = 0.

Since £ on X is recurrent, Ipy € LY (m), IK (o), IG C C such that

1
u(z) — m([@ - m,u)

wo(z)dm(x) < K (o) (5(0)(% u)>1/2

Let w = ur, then (Ig - m,ur) =0,

([, urtt x>¢o<w>dm<x>)2 < (K(0))* € (ur(t, ), ur(t, )

Therefore

lim ! /S (/Ft ur(t, x)goo(x)dm(x)>2 dt

S5—o00 S —s
. S 2
= Slggo S /S (P(t,%.m) (o < Uc)) dt = 0.




If oo € D(GY), for all ¢,
/X Py (or < oc) poly)dy — /X Poz) (or < 0¢) po(z)dz
t
= / /XST (P (or < 0¢) ,0) dr
t
< [ [ 1g°wl(z)da
s JX

If sup, ||G* ol < 00, then Py oo.m) (o1 < 0¢) is uniformly continuous
relative to ¢ and hence

tlirglo Pt py-m) (00 < 0¢) = 0.

Theorem 5 Suppose that a(t,r) is non-decreasing relative to ¢. If there
exists a function r(t) satisfying (14), (15) and (16), then

i 1
im
S—o0 S — s

S
/ P(tﬁpo.m) (O'F < O'C) dt = 0.

In particular, if sup, ||G® @ol/z1 < 0o, then

lim P m) (o1 < 0¢) = 0.

§—00

If the result holds for some I', then it also holds for any subset of T'.

Example 6 Suppose that a(t) = a is independent of . Then (15) is
satisfied. Condition (14) holds if

r(t) =o0 (tl/d> . (18)
Suppose that
a(t,r) < b(t)ae(r)
for a non-decreasing function b(¢). Then

1 @ 11
A(t) > b(t)/z ao(r) "t dr.

Hence, if we can find 7(t) such that 7(t) = o(t*/¢) and

1 r(t)
tlingo b(t)/z ao(r) " tr'dr = oo, (19)
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then the conditions of Theorem hold. In particular, if a;;(t, z) = ag.]) (x)
with (ag;?) (x)) satistying (17) for

d
ao(r) = 3 /a i a9 (0r)0,0;do (0),
ij=1"951

then ©
At) = / Go(r)~Lri~4dr.
J4

Hence r(t) = t* with 0 < a(< d/2) satisfies the condition of Theorem.

In the case of Brownian motion a;;(t,z) = 16;;. Assume d =1 or 2.

d=1= A(t)=r(t)— ¢
— r(t) = t*+ 1 for 0 < « satisfies the condition of the theorem.

d=2= A(t) =logr(t) — logl
= r(t) = t* for 0 < « satisfies the condition of the theorem.
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