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We investigate Big-Bang nucleosynthesis in the Brans-Dicke model with a variable cos-
mological term (BDA) for the coupling constant w = 10*. The model parameters are
constrained from comparison between the resulting abundance of *He, D and "Li and the
observed ones. Furthermore, we examine the magnitude redshift (m — z) relation for the
BDA with and without another constant cosmological term in a flat universe. Observational
data of Type Ia Supernovae (SNIa) are used in the redshift range 0.01 < z < 2. It is found
that BDA is inconsistent with the present accelerating universe but the model with a con-

stant cosmological term with the value 0.7 can explain the SNIa data. The model parameters
are insensitive to the m — z relation.

§1. Introduction

For the last two decades we have heard many astronomical indications coming
from observations like an age problem, large scale structure and Type Ia supernovae
for the non-zero cosmological constant. The cosmological constant A is considered
as one of the candidates of dark energy, though the acceptance of the conclusions
from a theoretical point of view is limited. The constant has been discussed often
as one of the fine tuning problems in cosmology called by “a cosmological constant
problem”.!) At the center of this, it lies a question why the observed value of the
cosmological term in the very ealry universe exceeds the present value by some 120
orders of magnitude which is expected naturally from a theoretical point of view
of elementory particle physics. It suggests that the cosmological term is not a true
constant, but a variable quantity. To explain this kind of puzzle in cosmology new
modified theories beyond the standard model are needed. Various functional forms
have been proposed for the behavior of the cosmological term. The mechanism of
the dynamical reduction of the cosmological term is formulated as a time dependent
function? and in terms of a scalar field.)»3) On the other hand, generalized scalar
tensor theories have been investigated.*):5)

One of the approaches is the Brans-Dicke theory with a variable cosmological
term as a function of scalar field ¢.®) This model has been investigated for the Big
Bang nucleosynthesis (BBN) in the early universe.®)®) with the coupling constant
w < 500. Current observations,?) however, suggest that w exceeds 40,000. Therefore,
it is worthwhile to examine the Brans-Dicke model with a variable cosmological term
(BDA) for a new value of w. Although BDA has played a very important role in
explaining the characteristics of the early universe,5)®) we still need an answer to
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the question: “How does this model work at the present epoch?” We concentrate
ourselves to the magnitude redshift (m — 2) relations of Type Ia Supernova (SNIa).
This is because the cosmological term significantly affects the cosmic expansion rate
of the universe at low redshifts. Observed data of SNIa imply the accelerating
universe at the present epoch.1?)

§2. Brans-Dicke model with a variable cosmological term

Expansion of BDA is governed by?®)

a 2_81&' A ¢ : ad
(E) —g(ﬂm Py) — 2+3+6(¢) “ag (2.1)
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where a(t) is the scale factor, k is the curvature constant and B is an integral
constant. We use the normalized value: B* = B/(10724 g s cm™3). p; and p; are
the energy density and pressure of the constituent ¢, respectively. Energy density of
matter varies as pm = pmoa~3, while the radiation component is p, = pya~* except

* epoch: py = praa + Py + pex at t < 1s. The subscript “0” indicates the values at
the present epoch.

Changes in the cosmological and gravitational terms in BDA are written as

A==l 0, (2:3)
! 2w+1 \ 1

where p is a constant.

The original Brans-Dicke theory is deduced for 4 = 1 and is reduced to the
Friedmann model when ¢ = constant and w > 1. To solve Egs. (2.1) - (2.3), we
specify the values at the present epoch: Go = 6.6726 x 1078 cm3 g™! 572, Hy =71
km s~! Mpc~1.11)

Figure 1 shows the evolution of the scalar field for several values of w and B*
with 4 = 0.6 fixed. As shown in Eq. (2.2), the behavior of # is essentially determined
from the value of B in the early universe. From Fig. 1 we can recognize that ¢ is
an increasing function of time for positive B. Also ¢ becomes larger as w increases.
In contrast, if B is negative, ¢ decreases until ¢ ~ 10 s. Note that there is no
considerable effect from B during the epoch ¢t > 10 s.

Figure 2 shows the evolution of the scalar field for several values of w and g with
B* = 0.5 fixed. When p is small, ¢ becomes large, because we have from Eq. (2.4)

2

$o =~ 3-MG0

for large w.
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Fig. 1. Evolution of the scalar field in BDA with u = 0.6 for several values of w and B*.
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Fig. 2. Evolution of the scalar field in BDA with B* = 0.5 for several values of w and .
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Fig. 3. Evolution.of the scale factor in BDA with u = 0.6 and w = 10* for several values of B*.
The solid line denotes the Friedmann model.

Figure 3 shows the evolution of the scale factor in BDA for several values of B*
with 4 = 0.6 and w = 10%*. We recognize considerable deviations in BDA from the
Friedmann model at ¢ < 100 s, which depends on the specified parameters. Therefore
BDA should be constrained from BBN.®)®) Because of the deviation of the scalar

field and the scale factor in BD 4, it is worthwhile to investigate the plausible ranges
in the parameters.

§3. Parameters constrained from the Big Bang nucleosynthesis

BBN provides powerful constraints on possible deviation from the standard cos-
mology.!?) As shown in Fig. 3, the expansion rate of BDA deviates significantly
from that of the standard Friedmann model. Synthesis of He is the most important
consequence of BBN. Its abundance should be in principle used as the fundamental
test of nonstandard BBN.

The abundance of light elements in BDA has already been investigated,5®
where the parameters inherent in BDA have been constrained for w = 500. But we
consider the case w = 10? for convenience, because the Cassini measurements® of
the Shapiro time delay indicate w > 4 x 10%. The detailed method of nucleosynthesis
is described in Ref. 8).

Figure 4 shows the calculated abundances of “He, D and "Li against the baryon-
to-photon ratio 7 for B* = 2 and y = 0.6. The +20 uncertainties in nuclear reaction
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Fig. 4. Light element abundances of *‘He, D and "Li vs. the baryon-to-photon ratio 5 for B* = 2,
4 = 0.6 and w = 10*. The dashed lines indicate the +2¢ uncertainties in nuclear reaction
rates. The horizontal dotted lines denote the observed abundances. The two solid vertical lines
indicate the range of 1 determined from WMAP.!®

rates are indicated by the dashed lines. The horizontal dotted lines indicate the
observed values of *He, D/H and "Li/H.

The recent trend is that the mass fraction of Y, has a larger value than thought
before. It is found'® that ¥, = 0.2516 + 0.0080 with 20 errors by reanalyzing
the observed data.!*) The results of the WMAP 7-year observations!®) are n =
(6.19 £ 0.15) x 1071% and ¥, = 0.326 & 0.075. We adopt the intersection of these
values: Y, = 0.2510 — 0.2596. Also we take D/H = (2.82 +0.21) x 10~5 from re-
cent observations'®) towards Q0913407 and 7Li/H = (2.34 +0.32) x 10~10.17) It
is found that the range of 7 derived from *He and D/H is tightly consistent with
the value by WMAP, though the lower limit of "Li/H is barely consistent. These
agreements lead us to obtain the parameter ranges 0.0 < < 0.6 and -2 < B* < 2.
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§4. The m — z relation in BDA with and without a constant
cosmological term

For the homogeneous and isotropic universe, the relation between the red shift
z and the radial distance r; is derived from the Robertson-Walker metric:

2 4y sin~lr; k=41,
L E = Tl k= 0,

sinh~'r, k=-1,

where H = a/a is the expansion rate written from Eq. (2.1) as

.\ 2 .\ 2 1/2 .
({2} _ 2, A w(fo)  8mp| _19¢
o[ e des (5

The WMARP results!®) tell that we live in a closely geometrically flat universe: k = 0.
Then we obtain from Eq. (2.1)

o\ 2 .

2 _ 1 (87pmy wle) _g (2
H0—3( %o +A0)+6(¢)0 Ho(¢)o, (4.2)
pmo = 4pE04 (u+3), pZP4 =3¢oH}/8m, (4.3)

where pB3P4 is the critical density of BDA.
Using the analogy to the Lemaitre model, Eq. (4.2) is written as

Qg + 240 + 24, = 1, (4.4)
where the energy density parameters are
Py = p’c;"l‘;),p (4.5)
Ao (1 = 1)pmo
= = 4.
-QAo 3 Hg 4 pcB DA ! ( 6)
.\ 2 .
w [¢ 1 (¢
=— (2] - —[Z]) . 4.7
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The value 24, is found to be very small such as 7 x.107° for p = 0.6. If we
consider the models in the parameter range 0.0 < u < 0.6, the contribution from
24, to Eq. (4.4) is always less than 10~5 and consequently can be neglected, as long
as the present epoch is concerned.

The distance modulus p;, of the source at the redshift z is

ptn =m — M = 5log[(1 + z) ] + 25, (4.8)

where m and M are the apparent and absolute magnitudes, respectively, and r; is
measured in units of Mpc.
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We use a united sample including three sets of recent data!?) on SNIa. They are
the 5-year Supernovae Legacy Survey up to z ~ 1, the Hubble Space Telescope with
z < 2 and the Sloan Digital Sky Survey-II Supernovae Survey with 0.04 < z < 0.42.

For the data sets we evaluate x? by

- u )
Z th 1 “obs,z , (4.9)

where o0,,,, is the unceritinity in the mdnvndual dlstance moduli and oy, is the dis-
persion in the redshift due to the peculiar velocity v written as

d
oy = (v;‘—j‘) . (4.10)

We adopt v = 1.2 x 1073, in units of ¢ = 1, by considering the mean value of peculiar
velocities of the data sets. The total number of the united sample n is 557 for our
analysis.

Figure 5 shows the m — z relation of SNIa in BDA. Matter is dominant in this
model. The energy density of the cosmological term is always less than 20% in the
best-fit parameter region constrained in the previous section. We obtain negative
24, in the parameter range of our interest. The parameter B* is not effective to
change the values of both £2,,, and 24,. Because this model is matter dominant, it
cannot be constrained from the SNIa observations.

The Friedmann model with the energy density parameters of (£2,, 24) = (1.0,0.0)
is merged into BDA model with the reduced chi-square x2 = x2/N =~ 4.117, where

2 = 2293 and N is the degree of freedom. This is inconsistent with the present
accelerating universe, which should contain a sufficient amount of dark energy to
accelerate the universe. To explain the present accelerating universe, we need some
modification of the cosmological term.

As the next approach, BDA is modified by adding another constant cosmological
term A.,. The expansion rate in this model is written by

1(6\° 4 A N\ srpl 14
TP _19
H= [z (?5) t3t3 s (3) +?$] 20 41

The present matter density is

4(1 = Ag,) p2P4
(w+3)

Here the energy density parameter of the constant cosmological term Ay, is fixed to
be 0.7.

We find that this model is consistent with the SNIa observations as seen in
Fig. 5. The total cosmological term becomes large in this model a.nd consistent with
the present accelerating universe with reduced x2 =~ 0.98 (where x% = 546.92). For
p = 0.5, BDA with A, predicts 24 = —4.29 x 102 and 2, = 0.34. 24 always gets

(4.12)

Pmo =
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Fig. 5. Distance modulus vs. redshift for the flat universe in the Friedmann model and BDA with
and without a constant cosmological term constrained by SNIa observations.'®)

negative values in the parameter region of p constrained in §3. If we consider the
total value of energy densities, the contribution from 24, + {24, to the total energy
density is always between 60 — 67%. Therefore the cosmological term is dominant in
the present epoch and can be constrained from the present SNIa observations. We
conclude that BDA with A, has nearly the same energy density parameters as the
Friedmann ‘model with (2, £24) = (0.3,0.7). Although the cosmological term is not
important at the early epoch, it plays a very important role at the present era. All
the parameters inherent in BDA become insufficient as far as the m — z relation is
concerned.

§5. Concluding remarks
We have derived the observational constrains on the Brans-Dicke theroy with a

variable cosmological term. Previous BBN calculations® restricted the parameter
range as —0.5 < p < 0.8 and —10 < B* < 10 for w = 500. On the other hand,
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our large value of w = 10* leads to reduce the parameter range —2 < B* < —2. It
oppositely affects another parameter 0.0 < p < 0.6. These model parameters are
inefficient to explain the m — z relations of SNIa.

In §4, the value of 24, is found to be much smaller compared with the other
terms in Eq. (4.4). Even though w is increased until 10* the contribution from 2,
to Eq. (4.4) is always less than 1% in the particular parameter range. There is no
considerable wrong effect from the assumption we made in §4 to neglect the value of
£24,. In the parameter range 0.0 < 1 < 0.6, A has taken negative values according
to Eq. (4.4). This may not conflict with theories, since the pressure of dark energy
must be negative to reproduce the present accelerated expansion.2?)

It should be noted from Eq. (2.3) that A ~ p,,/# and at the present epoch,
Ap is directly connected with p,,,. Dark energy is written in terms of dark matter.
However, dark energy and dark matter should be distinguishable to give rise to an
accelerated expansion, since evolution of the scale factor seriously depends on the
composition of individual energy density of the universe. Therefore, BDA without a
constant cosmological term is indistinguishable from the matter dominant Friedmann
model with the parameters of (£2,, 24) = (1.0,0.0). It should be noticed that the
variable A term in BDA plays a minor role to accelerate the universe at the present
epoch. Consequently we have modified to add a constant cosmological term. It has
no relation to the expansion rate of the universe at the early epoch. However, the
energy stored in the constant cosmological term has played a major role to accelerate
the universe at the present epoch as seen in Fig. 5. Since this model contains enough
dark energy to accelerate the universe, it is constrained by the SNIa observations.
In the present research, we have investigated BDA at the early epoch to determine
the intrinsic parameters and introduce new parameters at the present epoch for the
m — 2 relation.

Since we have succeeded in demonstrating a possibility of non-standard model
which is compatible with the observations, it is worthwhile to examine more general
functional forms to the cosmological term. Dark energy models with a cosmological
constant and its variants are proposed to explain the acceleration of the universe. As
an alternative to the dark energy model, modified gravitational models can explain
the acceleration of the universe. It is worth to study the modified gravitational
models to explain some puzzles in the universe.
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