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Abstract. This paper considers a sequential point estimation procedure to 

achieve a bounded risk when estimating a linear function of normal means 

under an asymmetric loss function. A two-stage estimation procedure is 

introduced to achieve the goal and its asymptotic property is examined.
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anestimatorふthat

EeUSnii)≦Wforall0=(/zi,…l/ifc.tf'l,…,びん)． (1.2)

Itiswellknownthatifn̂'sarepredetera血edbeforetheexperiment,thenthere

isnoestimatorwhichsatisfies(1.2).Henceitisnecessarytoconsiderasequential
proceduretomeettherequirement.Weproposeatwo-stageproceduretoasymp-

toticallysatisfy(1.2)asW-→0.Forthesquarederrorloss,seeAoshimaand

Takada[1].

IMswereknown,wewouldestim誠e仏by妬=邸,入,え‘("‘)-;醜‘響
withXnm)=-ŶjLiXij,sincetheriskoftheusualestimator̂i=i入扱<)is
improvedby6nunder(叫Itiseasytoseethat助恥,/*)=苓跳‘等．
Hence(1.2)wouldbesatisfiedifandonlyif

害圭等≦雌 (1.3）

Itisnotdifficulttoseethatthevaluesofn̂'swhichminimizeYli=i**subjectto
(1.3)aregivenby

崎|A>;j|Ai|…-”M
MotivatedI乃『(1.4),weproposethefollowingtwo-stageprocedure.Let

Xu,…,Ximbetheinitialsampleofsizem(≧2)fromTTiandlet

畷")=声量(Xij-Xnm)),i=1,…,雌
ThenthetotalsamplesizeNifromtt,isdeterminedby

州…f'â(T,UM̂rn))¥K¥Vi斗1>,i=l,……
where[x]denotesthelargestintegerlessthanxandm(≧1)iscalledadesign
constantandsatisfies

‘"-‘+差半｡(圭)鑑､→｡･“）
Thedesignconstantisusedtoasymptoticallyassure(1.2).IfNi>m,take肌一m
additionalobservationsfromTTi.Thenweestimate似町

k

俺入̂j_-̂Wt);Iv=吾帆(")-;E－fer* (1.7）
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withJV=(JVi,….Nk),whichmimics6nusedifoVswereknown.

Theasymptoticresultsofthetwo-stageprocedurearecontainedinSection2.

Section3conductssimulationstoseethemoderatesamplesizeperformancesof

theproposedtwo-stageprocedure.

2．INvo-stageprocedure

Thissectionderivestheasymptoticexpansionsoftheriskfunctionandtheex-

pectedsamplesize,whichenableustodeterminethedesignconstantasymptoti-

callyassuring(1.2)andtoseeiftheasymptoticallysecond-orderefficiencyofthe
samplesizeissatisfied.

Substituting(1.7)into(1.1)andusingthefactthattheevent{Ni=m̂i=
1.…,k}isindependent{Xn̂i=1,…,k},wehave

助{･"(一等圭差(畷",-,:))手筈喜竿-
助州筈喜酌(等)（刈

へ

EoL(6ﾉv,M) |＝＝

｜
’

where

(-害喜美(畷鵬,-．;))手筈喜美(畷",－．:)-'(2.2）Wn=exp

From(1.4)

等｡‘(E策,喝)農{uL元f壁
whichissubstitutedin(2.1)toyield

-鵬半2";}､i=l,...,k,

a'(Ej=ilA>i)*{含勤些話塑-圭馴-噸｝EeL(8N,fi)=W+

＋島WⅣ． （2.3）

WeassumethattheinitialsamplesizemisdeterminedaccordingtoWsuch

thatforsomed(>0)

limmWd＝a2C
2，W→0

(2.4）

wherecisapositiveconstant.Itiseasytoseethatifd>1,then

limw-o恥(“)/九：＝CO,j＝1，…,&,whichimpliesthatitisnecesssrytoas-
sume0<d<1inordertosatisfytheasymptoticallysecond-orderefficiency.We
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alsoassumethatwhentakingd=1,theconstantcsatisfies

‘言(≦恥¥¥i¥(Ti,i=1,…‘
Thefollowingthreelemmasaxeprovedintheappendix.

Lemma2､1．

＃乳差動処荒江="い=1，…,ﾙ‘，
uﾉher℃

(2.5）

崎｛畔誌箭錯董齢再)…伽

偶"捌叶噸~:{‘に恥jŴ-̂fEl̂ijl̂*}'
i=l,…,A:,andford=l

偶剛ﾙ小̂ofEl̂MŴ-l妄恥JlAik,1壱
i=l,…,*.

EoWn=O(W*)asW→0.

Using(1.4)and(2.4),Lemma2・1yieldsthatfor0<d<1

偶"‘-‘助匹元竺=蛙J寧些隆，;’=1M‘,
sothat

偶聯噌助竿套圭ĵX;I噌蒋}側

偶”…-惟恥)唯恥)。
婚誇｝側



T*"ひstageprocedureforestimatingalinearfunctionofnormalmeans

andford=1

上

〃乳EEeiNi-n*)=
f＝1 椎矧嘩)詮：
帯か}帯芸
DAitoj
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(2.9）

Hencesubstituting(2.7)and(2.8)((2.9))into(2.3)andusingLemma2.3,wehave

thefollowingresult.

Theorem2.4.For0<d<1

OWl+d

EeL(6N,iJ.)=W+

<WE-=ilA>;)*
+o(W*+*)asW-→0.

α沌dford=l

(l-'.)̂>>i階誇｝

"伽卜鮒帯房底畿肩了|小釧(妻MI割
一:}+・(W*)asW->0.

>FromTheorem2､4,itturnsoutthatwhentaking0<d≦1,wehaveto

choosethedesignconstantmwith<,≧2inordertoassure(1.2)forsmallW,
thatis,

E0L{6ﾉv,M)≦W+o(Ŵ osW→0. (2.10)

However,itfollowsfromLemma2.2thatsuchachoicefor0<d<1implies

舟乳EeiﾉVi-nJ)=oo,i=l,…,*,

thatis,theasymptoticallysecond-orderefficiencydocsnothold,butthatford=1

satisfiestheasymptoticallysecond-orderefficiency.Thecondition(2.5)isessential
toassuretheasymptoticallysecond-orderefficiencywhentakingd=1.

Inordertomakethetwo-stageprocedurewithd=1validinrealapplications,

wehavctospecifyalowerboundグか(＞0)fbreachぴfsuchthatoi＞of.,j＝

1,…,k.Letting

k

r.=min(|Ai|<7i.,…,|A*|α騰率>i入如j鱈，
J=l
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weproposethetwo-stageprocedurewiththedesignconstantmwith<,≧2and

thefollowinginitialsamplesizefromeachpopulation

TT̂max̂mo,̂pr+1̂, (2.11）

wheremo(≧2)isanypositiveinteger.Thentheconditions(2.4)and(2.5)hold

withd=1andc=r.,andhence(2.10)holdswithd=1andtheasymptotically

second-ordere伍ciencyissatisfied.

RemarkChattopadhyayetal.[3lproposedasequentialproceduretoasymp-

toticallysatisfy(1.2).However,theirprocedureisconstructedsoastomimic

同；＝kα2入緋/(2log(l+W))insteadof<,i=1,…,k.Itiseasytoseethat

偶謡-(獄言汎 （212）

unlesslAilai=…=1入k|グルLetﾉVjbetheirsamplesizefromtt,,i=1,…,*.
Thenitholds

偶竺呈票=1.
ItfollowsfromLemma2.2thatthetwo-stageprocedurewithd(0<d≦1)satisfies

偶誓芸4=,
Henceunless|Ai|<ri=…=|Afc|<7fc,from(2.12)

偶葺+謡劃
whichimplies

偶{助(割一興(喜鵬)}=｡･
Thisshowsthattheirprocedureislessefficientthanoursintermsofthetotal

numberofobservationsrequiredforsmallW.

3.Simulations

Weconductedsimulationstoseemoderatesamplesizeperformancesofthepro-

posedtwo-stageprocedureforA;=3.Weconsideredtheproblemofestimating
offj,=(ni+H2)/2－似3undertheLINEXlossfunctionwitha=､/2.Wechose
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jn=1+2/mandai*=02*=03*=1asalowerboundforeachunknowno-j.

ThevaluesofWwerechosenasW=0.10(0.02)0.02,0.01.Theinitialsamplesize

misdeterminedby(2.11)withmo=2.ThesimulationresultsinTables1and

2,whichestimatedtheriskfunctionRﾉvand助(jVh-”:),j＝1,2,3,arebased

on10,000replicationsundercri=1.2,02=1.4and0-3=1.6inTable1and

o1＝1．6，ぴ2＝1．4and0-3=1.2inTable2.Wealsoprovidedtheirrespective

standarderrorswithinparentheses.ThevaluesinthelastrowofeachTableare

derivedfromtheasymptoticonesinLemma2.2withd=1andc=γ･・

Table1:ax=1.2,a2=1.4,(73=1.6

Table2:a=1.6,02=1.4,as=1.2

Itturnsoutthattheriskfunctionsseemtosatisfytheboundedriskcondition

(1.2)andthatthevaluesofE0(ﾉVi－”i)seemtobeapproximatedfairlywellby

W RⅣ Eo(N 一沌I) 酌(雌一流;） 恥(恥一崎）
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theseasymptoticones.

4．Appendix

InordertoproveLemmas2.1to2.3,weneedseverallemmas.Let

”-(二|Ajl̂(m)lAilK̂),i=…側
Lemma4.1.

"ﾄ-X>ikij|Ak<=0(m-P'*)as確一…-…
Proof.SeeTakada[6,p.1101. 口

Lemma4､2．Fot．αnyp>1,

PeiNi=m)=0(m-rt*}asm一00,i=l,…,総
Proof.From(1.5)wehave

PeiNi=m)=Pefa<2Wm/(aHm)).

Itfollowsfrom(1.6),(2.4)and(2.5)thatthereexists6(0<e<1)suchthatfor
smallW

州-"≦蝿(蕊幸(二|Aj|(7j¥Xi¥<Ti
≦局̂Yi-(j2M̂¥̂Wi小釧(二M.jlAiki
≦(‘-釧(≦州|Aiki鋤ﾄ-(x>>iV̂

ThenusingLemma4.1,theproofiscompleted.

Lemma4.3.

“/”;-→1α､e.05W-→0,i=l,…,応

Proof.From(1.5)weha凡'e

（恥|A;K)¥Xi¥・‘≦差≦̂*(joi|Ajto)|A,|a'
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whereladenotestheindicatorfunctionofthesetA.Sincem→ooasW-→o,

脇

(EjLilAjkj)!*,!*一1a.e.asW→0,i=l,…'脇
For0<d<1,from(2.4)m/n.*-→OasW-→0,whichcompletestheproof.

Ford=1,itsufficestoshowthat/(jVj=m)-→0a.e・asW-→0.LetAm=
{l<Ni=m)>e}={̂i="*}foranyc(0<e<1).ThenfromLemma4.2

恥(具4‘)≦婁仙-｡(癖¥） as772－→CO

withp>4.Hence

局('側盈癖)妻拠島(鯛雲“
sothattheBorel-CanteliTheoremimpUesthat/(Wj=m)→0a.e.asW-→0．口

Lemma4.4.Foranye(0<e<1)andanyp>1

凡仙≦e":)=o(，"-'ﾉ2)05W→0,i=l,…,総
Proof.From(1.4)and(1.5)wehave

局(肌≦“)≦局(蝋琴DAjkijlAd*
TherestoftheproofisthesameasthatofLemma4.2.

ProofofLemma2.1

□

LetWf＝"畷､)/び:,i＝1,…,kwithv=m-1.ThenWf,…,Wfarc
i.i.d.chi-squredrandomvariableswithudegreesoffreedom.Itiseasytoseethat

Zi=V2(Wi一価)convergesindistributiontoN(0,1)asm-→00,1=1,…,k.

SubstitutingVjtm)=aj(¥/v+Zj/¥/2)/y/v,j=1,…,kinto(4.1),wehave

聡一(妄Ⅳ*i)|Ai|…た{(舎仙）
鏡(こい州)ぃ帆

|Ai|<r<Z州噌XjfaZj¥
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whichyieldsfrom(1.6)that

〃(竿磯(卿寺'今いい）
convergesindistributiontoⅣ(0,7f)asm-→oo,where

作学((妻州惟榊I噌矧蟻）7 1=1,...,*.

"-泥(竿狸J菩些'他）
＝〃(竿-鵬ルー1，…ん

一価”(鵬一”;）

Itfollowsfrom(1.5),(2.4)andLemma4､2that

EoWA≦〃W(mPe{Ni=m)+l)→0asW→0.

Hence¥fvW(雌一伽:)convergesindistributiontoN(0,7f)asW-→0,t=l,…,K.
whichyieldsfrom(1.4)that,/'(肌一抑tf/riiconvergesindistributiontoN(0,りf)
asW-→0,i=1,…,k,whereり:is(2.6)．ThenitfbnowsfromLe皿､a4．3
that,/万7両『(肌一<)/､/NiconvergesindistributiontoⅣ(0,り:)asw-→0,i=
1,…,fc,sothatfrom(2.4)inordertoproveLemma2.1,itsu髄cestoprovethat

{(雌一”;)2/ﾉVJisuniformlyintegrable(u.i.).
LetA={Ni≦eni}forsomee(0<e<1)and

(鵬謡)21A+帆誇)2恥
(Ni－”if

＝＝

肌

=h+h(say),

ー

whereAdenotesthecomplimentofthesetA.Since

’』-(鵬-2"汁芸池≦("汁等)恥､
itfollowsfromLemma4.4that{h}isu.i..Since

ら≦壁三雲I
E泥』
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itfollowsfrom(1.6)and(4.1)that

恥＆＝
JlAiki

二＝

糸(峠会｡｡(烏))((≦'M密)似崎
令｡(;)）

端先̂.fEN̂N̂-lfel̂i

(二M

]¥*iWi¥+寺｡(制
Hence

limW*-*Ee(踊一<)
W一0

1
＝＝

C toElAjh|Aito-iJ2¥XjWjMn,
whichcompletestheprooffrom(4.4).

ProofofLemma2.3

Foranyc(0<c<1)andany<5(0<5<1)let

c=n似≧̂ofKi畷鵬)-of'<‘})

Then

叩菖≦{州＜"川(概陥-．ﾙ‘)}
Since{|畷")－｡:'9}with9〉1isareverscsubmartimgale，

”(鯛:晩－．ﾙ‘)≦圭助M蝿:,-":'’-.(-r")
HenceitfollowsfromLemma4.4and(4.5)thatforanyp(>1)

Pg(C)=O(W)asW-→0.

Let

Eo(Wn)=/Ŵd彫ナムWndPo
=/A+7/2(say).

(4.5）

(4.6）
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TheTaylorexpansionofe*shows

〃1＝

＜
ー

雌喜美伽－．:')｡｡…”
雫嬉釜Mm-'W*…”

81

fej-.m̂y澱ﾉf(f)W;w)-<̂e*P△州
where

’△卿'皇筈喜差Mw-oft皇窯かj＝l
onC.FromLemma4.3itiseasytoseethat(jfi)̂i(Vi(Ni)-ofĵexp△〃
convergesindistributionto2afxiasW-→0andisu.i.onC.Thenwchave

L(篭)。ﾉVi(Vlw)－°『)̂expA/vd局＝2･:＋o(1)asW→o,
sothat

j/i=O{W*)asW→0.

Henceitisenoughtoshowthat

7/2=O(W*)asW→0.

SinceﾉVi≧m,wehave

，≦必…(暴き職)叩半釜噌:伽-柵
≦｡"(崇喜職)邪)寺崇"局〃，

where

〃-(割茎鰯伽-邪
whichisfinitc伽mthcrevcrsesubmar‘ingaleproperCyof{(畷")－ヶ:)2}､Then
theresultfollowsfrom(4.6).
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