
Kumamoto J. Math. 
Vol.28 (2015), 1-10 

Buchberger stratification on the space of 
polynomials 

Fumiharu Kato and Kei Ohnoshi 

(Received October 8, 2014) 
(Accepted February 3, 2015) 

Abstract. In this paper, we consider the stratification on the space of poly­
nomials, with a fixed set of monomials, induced from the notion of G-types, 
which encodes the process of Buchberger algorithm for obtaining Grabner 
bases. We show that this indeed gives a finite stratification by locally closed 
subspaces, from which we deduce several finiteness results on Grabner bases. 

1 Introduction 

The notion of Grabner bases and the algorithm to obtain them are extremely 
useful, both in theories and for computational purposes, and have been a subject 
of extensive studies in various fields of mathematics. One of the interesting aspects 
of Grabner bases is the several finiteness and boundedness properties, e.g., upper­
bound of the number of polynomials in a Grabner base. The existence of such 
an upper-bound is already known; actually an upper-bound itself for the maximal 
degree has been obtained in recent works such as [2) [4). But our point of the 
interests lies rather in, whatever the upper-bound is, the geometric structures 
behind these finiteness and boundedness properties. This naturally leads us to 
study the space of ideals (with some data fixed), which we regard as the 'moduli 
space' of Buchberger algorithms. 

In this paper, we are going to consider the space of polynomials X= X(n, r, {Pi}i=1), 

where n, r are positive integers and {~}i= 1 a collection of finite sets of mono­
mials, which parametrizes all sequences F = (F1 , ••• , Fr) of n-variable polyno­
mials such that each Fi has the monomials in Pi. Our object of study is the 
partition Y = { SA } AEA of this space induced from the notion of G-types of 
F = (F1, ... , Fr) (§2.6). Roughly, the G-type collects all types of the polynomi-
als that appear in the whole process of the Buchberger algorithm (with any term 
order fixed once for all), where by the type of a polynomial we mean the set of 
all monomials with non-zero coefficients. In other words, G-types drop off all the 
coefficients, but keeping the knowledge about whether being zero or non-zero, of 
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thepolynomialsthatappearintheprocess,andthusprovideafeasiblewayto
encodethe'processtype'ofthealgorithm.ThisgivesapartitionofthespaceX
intoatmostcountablymanysubsets,calledG-isotypicloci・Aneasy,butperhaps
requiringaHttlecare,fact,isthateachG-isotjrpiclocusisactuallyalocallyclosed

subspaceofX(Proposition3.3).Thisisofcoursenotasurprisingresult,butcom-
binedwithasimpleobservationfromalgebraicgeometry(Lemma3.4),onecan

showthatthenumberofthesubsetsinS"={S入}入ĝisactuallyfinite(Theorem
3.5);inotherwords,oncethedatan,rand{PAasabovearefixed,thenthere
areonlyfinitelymanypossibletypesoftheflowcharts,i.e.,G-types,oftheBuch-

bergerprocessesstartingfromthesequencesofpolynomialsinX,whichseems

highlynon-trivial.WethusobtainafinitestratificationŜ={S入}入cAonthe
spaceXbyG-isotypicloci.WecallthisstratificationtheBuchbergerstratificα"o泥．

Asacorollary,oneimmediatelyseesthatthenumber(resp.themaximalde-
gree)ofthepolynomialsthatappearintheGrobnerbasisoftheidealgenerated
byFi,…,FrfromXisupper-boundedbyauniversalconstantthatonlydepends

onthedatan,r,{Pi},andthetermordering(Corollary3.8).Unfortunately,our
methodcannotgivetheexplicitbound,butcouldgivetheexistenceinaquite

elementaryway.

Inthefinalsection,wewillconsiderasimpleandexpUcitexample,andenu-

meratealltheG-typestherein.

A仕ersubmitingthefirstdraftofthispaper,theauthorsareinformedfromthe
refereethatwhatwecallBuchbergerstratificationinthispaper,oratleastanotion

similartoit,hasalreadybeendevelopedbyWeispfenning[5];see[3]formore
information・Inspiteofthissimilarity,wethinkthatourscopeofthispaperdiffers

fromtheseworks,mainlyinthatweregardtheexistenceofthestratificationsas
oneofthemostimportantgeometricbackgroundsfortheexistenceoftheupper-
bounds;noticethatthekeyforthebounded-nessliesnotinthecomputation-

theoreticaspects,butratherinthegeometricbackgrounds,asthesimplealgebraic-

geometrylemma(Lemma3.4)shows.

Ackno”Iedgements.TheauthorsthanksProfessorTakeshiAbeinKumamoto
Universityforthevaluablediscussionsandcomments.Wealsothankthereferee
forhiscarefulreadingandforinformingtheauthorsabouttheresearchstatuson
ComprehensiveGrobnerbases.

2G-types

2､1Notationandconventions

Letn>1beapositiveinteger,andconsidertheringC[Xi,…,Xn]ofpoly-
nomialsofnvariables.Wewillemploythemulti-indexnotationasfollows:

Foranyv=(1/1,…,""）EN",whereN＝Z>oisthesetofnon-negativein‐
tegers,wewriteX"=.XT』…期nand¥u¥=1/1+…＋"h;eachpolynomial
F＝F(X)EC{X,,…,Xn]canbewrittenasF=̂ 2̂ α̂"X",whereα"=0
forallbutfinitelymanyi/'s.

Wefixonceforallatermorder<onN".Foranynon-zeroFGCfXi,…i-Xnlj
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wedenotebyu(F)=MF)i,…,"(F)"),I/r(F),andLM(F)＝X"(F),theleading
degree,theleadingterm,andtheleadingmonomial,respectively,ofF.

Fbranon-zeroFECIX,,…,XJ,wedenotebyCp=i/(F)+N"theconeinN"
generatedbytheleadingdegreeofF・ForanorderedsequenceF=(Fi,…,Fr)

ofnon-zeropolynomials,wesetCp=ULiCPi-

2.2Typeofpolynomials

ForapolynomialF=]CjyeN"α"X"ec[Xi,…,Xn],thetypeofFisdefinedto
bethefiniteset

t(F)={veN"1α"≠0}.

Clearly,wehave:

。F＝OifandonlyifT(F)＝0；

oifF≠0,itsdegreedeg(F)isequaltomax{MIuer(F)}.

TwopolynomialsEGECIX1,…,Xn]aresaidtobeisotypic,writtenF~G,if
r(F)=t(G).Itisclearthattherelation~isanequivalencerelationontheset
C[Xi,…,Xn].
ThetypeofanorderedsetF=(Fi,…,Fr)ofpolynomialsisdefinedtobe

r(F)=(r(Fi),…,γ(Fr)),

andtwoorderedsetsF,Gofpolynomialsaresaidtobeisotypic,writtenFえ,G,
ifT(F)=r(G).

2.3Divisionalgorithm

LetF=(Fi,…,Fr)beanorderedsetofnon-zeropolynomialsinC[Xi,…iXn],
andffeCLYi,…,Xn]apolynomial.WesayHisF-r℃ducedift(H)nCp=0.
FbranyHECIX,,…,Xn]wecanalwaysfindQ¥,…,QreC[Xi,…,Xn]SUCh
thatR=H-(Q1F1+…+QrFr)isF-reduced.SuchanRis,however,notin
generaluniquelydeterminedbyH.Hence,forthesakeofuniformity,weneedto
fixanexpHcitprocesstoobtainit.

Todothis,letusillustrateasingledivisionstepasfollows:IfHisnotF-

reduced,letiﾉo=maxT(H)nCpbethemaximal(withrespecttothefixedterm
order≦)degreeinT(H)nCF,andtaketheminimalj＝jointheset｛jllﾉOEC民｝、
Thenweset

H'=H-蓋鶏興(*)
whereT̂(H)isthedegree-iﾉotermofH.ThisprocesswillbedenotedbyH*H',
andthepair(̂o,o)asabovewillbecalledtheini"αIindex.Onecaniteratethis
processuntilwegettheF-reducedresultintheend(cf.[1,1.5]):

H=.ffo"̂ *Hi皇…異Hs,(**)
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oftenwrittenH皇十Rfbrshort,whereR＝HSisF-reduced・Wedefinethe
伽UisiontypeofHwithrespecttoFtobe

MH,F)=(T(FyMHo),r(Hi),…,丁(凡)),

referringtothediagram(**).

2.4iS-polynomial

Fortwonon-zeropolynomialsF,GGC[Xi,…,Xn],theso-calledS'-polynomialof
FandGisdefinedasfollows:Define/i=(/̂i,…,仏")EN"by"i＝max｛"(F)f,"(G),｝
fori=1,…,n.Thenset

s(叩)=諾-話
IfanorderedsetF=(Fi,…,Fr)ofnon-zeropolynomialsinCLYi,…,Xn]is
given,onehastheF-reductionofS(F,G),whichwedenotebySf(F,G),i.e.,

S(F,G)Z+百f(F,G)

inthenotationasin2.3.

2.5Grobnerbasis

AsequenceF=(Ft,…,Fr)ofnon-zeropolynomialsiscalledaGrobnerba-
sis(oftheidealgeneratedbyFt,…,Fr)if,foranyi,j=1,…,nwithi<j,

wehaveSpiF̂Fj)=0.IfF=(Fi,…,Fr)isnotaGrobnerbasis,onehas
(i,j)suchthatSp̂Fj)≠0.Takesuch(io,jo)thatisminimalintheset
{ihj)Ihj=1,…,r,i<j}withrespecttothelexicographicalordering,and
defineanewsequenceofpolynomialsF'=(Fi,…,-Pr+i)by

Fr+i=Sp偶｡.**,)

LetusdenotethisprocessbyF-5>F',andcalltheindex(io,jo)asabovethe
initiα"nder,ifFisaGrobnerbasis,weset(io,jo)=oo.Aclassicalbutsignificant
factisthat,startingfromarbitraryF=Fq=(Fi,…,Fr),oneeventuallyobtains
aGrobnerbasisFgbyiteratingtheaboveprocess(cf.[1,1.7]):

F=Fq*"Fi具…具Fs, （*）

oftenwrittenFq-5>+F̂forshort.

2．6G-type

ConsiderthesinglestepF-wF'asabove.WedefinetheB-typeofFtobethe
followingdata:

TB(F)=(TD(S(Fi,Fj),F))̂≦(Wo)'
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where(i,j)runsovertheset{(i,j)Ii,j=1,…>r,*<3,(hj)≦(ioJo)}(or-
deredbythelexicographicalorder)and(io,jo)istheinitialindexofF.Finally,
referringtothediagram(*)in2.5,wedefinetheG-typeofFtobe

tg(F)=(tb(Fo),…,ri(F.)).

TwoorderedsequencesF=(Fi,…,Fr)andG=(Gi,…,G･)aresaidtobe

G-isotypic,writtenF~G,ifwehavetg(F)=7℃(G).Itisclearthatthe

relation~isanequivalencerelationonthesetofallorderedsequencesofnon-zero

polynomials.NoticethatF~Ginparticularrequiresthatr(F)=r(G),hence
thatr=sandr(Fi)=T(Gi)foranyi=1,…,γ、

3Buchbergerstratification

3．1Thespaceofpolynomials

Letr>1beapositiveinteger,andPi,...,Prnon-emptyfinitesubsetsofN".
ThetypicalchoicesofPj'sareasfollows:

(1)(Inhomogenouscase)letdi,…,drbeasequenceofnon-negativeintegers
andR＝｛〃EN"||"|≦di}fori=1,…,r;

(2)(Homogenouscase)letdi,…,drbeasequenceofnon-negativeintegersand
R＝｛〃EN"||"|＝｡』｝fbrj＝1,…,r.

LetVifori=1,…,rbetheC-vectorsubspaceofC[Xi,…,Xn]spannedby
{X"IvGPi}.ConsidertheassociatedprojectivespaceIP(Vi)foreachi=
1,…,r;eachpointofF(Vi)correspondstoanon-zeropolynomialFi,considered
uptomultiplicationbynon-zeroconstants,suchthatWF*)CP̂.Set

X(n,r,{P}Li)=P(Vi)×…×HVr),

whosepointsareinonetoonecorrespondencewithorderedr-tuplesF=(Ft,…,丹）
ofnon-zeropolynomials,eachconsidereduptomultiplicationbynon-zerocon-

stants,suchthatt(Fj)CPifori=1,…,r.

3.2SubsetsbyG-types

Theequivalencerelationgdefinedin§2.6givesaset-theoreticpartition"＝
{S.入}ÂofX=X{n,r,{Pj}[=i)byG-isotypicclasses,wherethesetAindexes
allpossibleG-typesoforderedr-tuplesF=(Fi,…,Fr)correspondingtopoints
ofX.

3．3Proposition

ThesubsetS入/breach入EAjsaIocα"yclosedsetintheprojectivevariety
X＝X(”,r,{島}た,）”"ﾉｶ7℃specttotheZariskitopology,i.e.,tﾉieintersectionof
aZariskiclosedsubsetandaZar､iskiopensubset.
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Proof.WemaysupposeSA≠0.TakeF=(Fi,…,Fr)eS入,andwrite

Fi=ŶvzHFi)Q-wX"fori=1,...,r;noticethatcoe伍cientsα‘,"areallnon-zero、
AnypointofXcorrespondstoF=(Fi,…,Fr)withFi=Fi+j:̂ポボ,〃X"for
i=1,...,r.WeneedtoshowthattheconditionforFtohavethesameG-type
asFisgivenbyfinitelymanyzero'sandnon-zero'sofpolynomialsof{&’し},i､e,，

(*)thereexistafinitesetofpolynomials{｡α}andasetoffinitelymany
non-zeropolynomials{Ⅶβ}βof{&,"｝suchthattheconditionisgivenby
のα(ら,,/)=0forallaand⑫β(ti.v)≠0forall23.

NoticethattheconditionT(F)＝γ(F)alreadyrequires＆,"＝Ofbr〃畠r(Fi).In
orderforthefollowinginductiveargumenttomakesense,weneedtoputFjto

haN'emoregeneralfbrm:B＝z"Eｧ(畷)jj,"(を)X〃fbrj＝1，…,r,wherefaM)
isanon-zerorationalfimctionofをi,"'ssuchtha”＃,"(0)＝α‘,"≠0.

Settg(F)=(̂(Fo),…,tb(Fs))andtg(F)=(7b(Fo),…,tb(Fj)),and
wewillalwaysindicatebytildethecorrespondingobjectsconstructedfromF.

Ourconditiontg(F)=tg(F)especiallyimpliess=s.Ifweshowthatthe

firstconditionrB(Fo)=̂(Fq)isequivalenttoaconditionoftheform(*)above,

thenthepropositionfollows1乃'inductionwithrespecttos(sincetb(Fo)=tb(Fo)

impliesthatr(Fi)=t(Fi)).Consider,then,theconditiontb(F)=tb(F)(under

thehypothesist(F)=r(F)).Ifwehave7t(5(Fi,F,),F)=TD{S{Fi,Fi),F)for
all(i,j)<(io,jo),thenitfollows,inparticular,thattheinitialindex(io,jo)of
FisequaltotheinitialindexofF.Henceitsufficestoshowthatthecondition

TD{S(Fi,Fj),F)=TD(S(Fi,Fj),F)isequivalenttoaconditionoftheform(*)
aboveforany(i,j)≦(*o,jo).

Therefore,theproofboilsdowntoshowingthefollowingclaims:LetFand

Fbeasabove,andH＝E九X"andH＝E"Eγ(H)妙"(O*",where妙"(ど)isa
rationalfunctionofi,i/'ssuchthat抄"(0)=6,,≠0;then

(a)thecoefficientsofr(5(Fi,F,))ofeachdegreevisarationalfunctionりijof
＆,"'s;if〃Eγ(S(凡乃)),then恥j(O)isequaltothedegree〃coefficientof
S(Fi,Fj),hencenon-zero;

(b)ifHH'and万里百',thenthecoefficientsofH'ofeachdegreeuisa
rationalfimction駒of＆,"'s;if〃ET(H'),thenQj(0)isequaltothedegree-〃
coe鐙cientofHﾉ,hencenon-zero.

Noticethat,in(b),theinitialindicesofH-H'and宜皇豆'mustbethesame,
sincet(H)=t(H)andr(F)=t(F).Bothassertions(a)and(b)canbeverified
byaneasycalculation,andhencetheproofisdone.

ThustheG-typesgiveapartitionf={S¥}入̂oiX=X(n,r,{Pi}Ui)
bylocallyclosedsubspaces.Ontheotherhand,thereareonlycountablymany
possibleG-typesthatarisefromX.Thefollowingeasylemmashowsthat,infact,
thepartitionisfinite:
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3.4Lemma

LetXbeα”αIgebraicvarietyoUerC,andX=Ⅱ入saS入αCO秘冗加侃epartitionof
Xbylocα"yclosedsubsets.1ｿie冗仇epartitionisfinite;i.e.,thereexistsa伽舵e

seｵ｛入,,…,入『}CAsuchthatX=Ⅱ是iS¥i'

Pr℃ofWeshowthelemmabyinductionwithrespecttothemaximaldimen-
sionnoftheirreduciblecomponentsofX.Ifn=0,thenXconsistsoffinitely

manypoints,andtheclaimistrivial・Ingeneral,wemayassumethatXisirre-

ducible.Moreover,consideringtheirreducibledecompositionofeach5a,wemay
assumethateveryS入isirreducible.Sincethecomplementofanynon-emptyopen
subsetconsistsofirreduciblecomponentsofdimension<n,wemayassumethat

Xisaffine・SupposethereexistnoS入thatisopeninX.TheneveryS入isanir-
reduciblesubvarietyofXofdimension<n.ByNoether'snormalizationtheorem,

weha凡reafinitesurjectivemorphismtt:X→A"totheaffinen-space・Itfollows

thatthecountablymanysubvarieties7r(5入)ofdimension<ncovertheaffine
spaceA",whichisabsurd.HencetheremustexistanopenS入．Byinduction,the

complementX¥S入iscoveredbyfinitelymanySJs,whichshowstheclaim.

3.5Theorem

Zｿiepartitio冗〆={S入}入cagivesastratificα"ononthevarietyX=X(n,r,{Pt)T=i)
by伽茄elymanylocα"yCjosedsubspaces. □

WecallthisstratificationtheBuchbergerstratificα"O泥．

3.6Remark

ThetheoremshowsthatthereexistsauniqueZariskiopendensestratumamong
S入's,whichimpliesthatthereisauniqueprocesstypeofthealgorithmthat
appliestogeneralsequencesF=(Ft,…,Fr)ofpolynomials.Theprocessthus
characterizedshouldbeappropriatelycalledthegenericpr℃cesswithrespectton,
r,and{Pi}.

3．7Corollary

Forfixedn(=thenumberofvariables),r(=thenumberofpolynomials),and
卸on-empty伽茄esubsetsPi,…,Pr,the形α形o伽伽茄elymanypossibleG-types
ofF=(Fu…,Fr)eX. □

SincethenumberandthedegreesofpolynomialsthatappearintheBuch-
bergeralgorithmarepreservedbypassagetotheirtypes,onehasinparticularthe
following:

3.8Corollary

ZｿiereexistsanumberN=N(n,r,{Pi},≦)(℃sp.D=>(n,r,{Pi},≦)),de-
pendingonlyonn,r,{Pi},andthetermordering≦suchthat,foranyF=
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(Fi,…,Fr)eX=X(n,r,{Pi}̂),tﾉienumber(resp.themaximaldegrでe)ofthe
polynomialsthatappear加地eGrobnerbasisoftheidealgeneratedbyFi,…,Fr
isupper-boundedbyN(resp.D).

4Anexample

4．1

Letusconsiderthecasen=r=2,andPi={(2,0),(0,2)},P2={(2,0),(1,1)},
withthelexicographicalordering≦.ThesequencesF=Fqinquestionareof

theformF=(Ft=âx*+cij/*,F2=02̂+62̂2/),wherewewritex=Xiand
y=X2.NoticethatthecorrespondingspaceX=X(2,2,{Pi})isisomorphicto
pi×P*withbi-homogenouscoordinate(ai:ci)×(̂2:62)-

4.2

First,weassumethatthecoe伍cientsai,ci,02,62areallnon-zero,thatis,r(Fo)=
({(2,0),(0,2)},{(2,0),(1,1)}).Weha凡'eTD(S(Fi,F2),Fo)=(T(Fo;{(l,l),(0,2)}),
tb(Fo)=(td(S(FuF2),Fo)),andF3=5fo(̂i,̂2)=SiFuFi)=-fesay+cay*,
where63=62lâ≠0andC3=ci/ai≠0.ThenwesetFi=(Fi,F2,F3).Since
5(Fi,Fa)=F3reducesto0byFi,wehavetd(S{Fi,F2),Fi)=(t(Fi);{(1,1),(0,2)},0).
Since

S(Fi,Fs)=gzy舛呈,噸(呈噌,,
wehavetwopossibilities

"…ﾙ剛-側職柵I‘川
０
０

芋
一
一

２
２
２
２

ａ
α
１
１
ｃ
ｃ
＋
＋

２
２
２
２

６
６
１
１
ａ
α
ｆ
ｆ

■
□
■
凸
■
も
Ｕ
△

Inbothcases,wehavetb(Fi)=(Tt.(5'(Fi,F2),Fi),7t)(5(Fi,F3),Fi)).
(1)Ifai6l+cia|≠0,thenwesetF4=ctff,whereC4=ci/ai+C3/63≠o,
andFa=(Fi,F2,F3,F4).WehaveMSiFuFt̂Fi)=(t(F2);{(1,1),(O,2)},0),
7t)(5(Fi,F3),F2)=(t(F2);{(1,2),(O,3)},{(O,3)},0),andTb̂fFi.FAFa)=
(r(F2);{(O,5)},0).Since

恥鋤)=(差令差)"噛(差+差)差,噸0，
and62/02+C3/63=(aibl+ciaaVaiĉ≠0,wehave

7D(S(F2,Fs),Fa)=(WFa);{(1,2)},{(0,3)},0}).

Thenonegoesoncalculatingtoobtain

7to(5(F2,F4),F2)=(r(F2);{(l,4)},{(O,5)},0}),

TbWFs.FAFa)=(r(F2);{(O,4)},0}),
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wherebyconcludingthatF2istheGrobnerbasis.Thuswehaﾊﾉeexactlyone

G-typeinthiscase.

(2)Ifai&o+cial=0,thenweproceedto<S'(F2,F3);since

S(F2,F3)=(差半差)"'=｡，
wehave

td(S(F2,F3),Fi)=(t(Fi);0).

ThenwegooncalculatingtheotherS-polynomialstoseethatFiisactuallya

Grobnerbasis.Hence,wehaveexactlyoneG-typeinthissituation.
Intotal,wehavethetwoG-types,whichcorrespondtotheZariskiopendense

stratumai&i+cîo≠0,whichcorrespondstothegenericprocess(cf.Remark
3.6),andthestratumgivenby0160+ciOo=0.

4．3

Ifone(andonlyone)of01,01,02,62inthebi-homogenouscoordinate(01:ci)x
(a2:62)iszero,then,byaneasycalculation,onehasthesinglepossibleG-type
ineachcase,andhencewehaveintotalfourstrataonX,eachgivenbyalinein

x̂pl×P*.Iftwoofoi,01,02,62arezero,thenFiandF2aremonomialsand
henceFoitselfisaGrobnerbasis.ThiscomprisesfourG-types,whichcorrespond
topointsofX.

Summingupallthis,weconcludethattheBuchbergerstratificationonX

consistof10strata,one2-diniensional(Zariskiopenstrata),five1-dimensional,
andfourO-dimensional.
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