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Abstract 

The purpose of this paper is to study systems of uniformization equations singu­
lar along Saito free divisors which have solutions expressed in terms of hyperelliptic 
integrals. Saito free divisors treated here are defined by use of the discriminants 
of dihedral groups of order 4m. We construct fundamental solutions of the above 
mentioned system by means of Gaussian hypergeometric functions in addition to a 
solution expressed by the hyperelliptic integral. In the last section, we discuss the 
cases m = 2 and m = 3 in detail. 

1 Introduction 

7 

The notion of systems of uniformization equations singular along Saito free divisors was 
introduced by K. Saito about thirty years ago (cf. [1]). We call a divisor in en Saito 
free if and only if the Ocn-module of its logarithmically tangent vector fields is free. In 
spite of its interest, such systems are not studied well and there are many problems on 
this theory to be done. The purpose of this paper is to study systems of uniformization 
equations singular along Saito free divisors which have solutions expressed in terms of 
hyperelliptic integrals. The same question was treated in [9] for two divisors defined by 
weighted homogeneous polynomials in three variables. One is defined by the discriminant 
of a dihedral group of order 2{2m + 1). The other is the discriminant of the reflection 
group of type H3. In the former case, we construct fundamental solutions by means of 
Gaussian hypergeometric functions in addition to a solution expressed by the hyperelliptic 
integral. 

In this paper, we treat the case of a Saito free divisor in C3 constructed from the 
discriminant of a dihedral group of order 4m in a natural way. The argument of this 
paper is similar to that in [9). The main result of this paper is to define a function of 
three variables which is expressed by the hyperelliptic integral and determine the system 
of uniformization equations which governs the function in question ( cf. Theorem 1). 
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Wenowbrieflyexplainthecontentsofthispaper.Insection2,weintroduceapolyno-
mial,denotedbyぴ"(t;t↓,ひ)oftwhosecoc髄cicntsarepolynomialsofⅦ,ひ.Weshowthatco‐
e伍cientsofan(t;u,v)areinvariantbytheactionofadihedralgroupoforder2nandimply
ageneratingfunctionof(Tn(t;u,v).Insection3,weintroduceapolynomial<Jm(̂i,̂2>̂3)
ofxi,X2,X3whichisdefinedasthepull-backofthediscriminantof02m(tiu,v)byacer-
tainpolynomialmapping.Weshowthatthehypersurface6m(xi,X2,X3)=0isaSaito
freedivisorinĈ.Insection4,afterabriefsurveyonaresultbyK.Saitoonasystem
ofuniformizationsequationsalongtheSaitofreedivisorinĈdefinedasthezerosetof
thediscriminantoftypê3,weintroduceapolynomialPm(t]Xi,X2,X3)oftwhosecoeffi-
cientsarepolynomialsofxi,X2,a;3whichisconstructedby(72m(t¥u,v).Thenwedefinea
function̂(̂1,̂2,̂3)by

Vm(Xl,X2,X3,)=庭‘Pm(t¥XuX2,Xa)V*dt.
Since2misthedegreeofPm{t]Xi,X2,X3),̂(̂1,̂2,̂3)isregardedasahyperelliptic
integral・Thepurposeofthispaperistoobtainasystemofdifferentialequationswhich

governsVm{xi,X2,X3,)(cf.Theorem1).Thesysteminquestionhasthreelinearlyinde-
pendentsolutionsoutsidetheset6m=0andisregardedasasystemofuniformization

equationsinthesenseofSaito(cf.[1],3).Wealsoconstructfundamentalsolutionsofthe
systembymeansofGaussianhypergeometricfunctionsinadditiontoVm(cf.Theorem
2).Insection5,westudythefunctionVmforthecasesm=2,3indetail.Intheboth
cases,Vmisreducedtoanellipticintegral.

2Preliminariesondihedralgroups

Inthissection,weintroducepolynomialswhosecoefficientsareinvariantpolynomialsof

dihedralgroupsandstudytheirelementaryproperties.

Westartwithintroducingthepolynomialoftdefinedby

丸－1

.認(t;u,t/)=:TT(t-(e*u-e-たり))
ん＝0

wheree=e***/".Itfollowsfromthedefinitionthat

aJt;-iﾉ,-tt)
aJt]-V,-*u)

－

_

－

－

aJt;u,v)
aJt;u,v)

Ontheotherhand,thegroupGgeneratedbythelineartransformations

(u,v)-
(u,iﾉ）→

(－ひ,－秘）
(－EU,-*-')

isisomorphictothedihedralgroupoforder2n.Ifnisodd,

L=uv,M=(w"－U'")

(1)

(2)
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arebasicinvariantsoftheringofG-invariantpolynomialsofit,tﾉ.Ontheotherhand,if
niseven,

L=uv,M=(u"t*－〃n/2N2 （3）

arebasicinvariantsoftheringofG-invariantpolynomialsofu,v.Inparticular,

<7n(0;u,tﾉ)=-M

andthecoefficientsofaJt;u,v)arepolynomialsofL,M.
Sincebyvirtueofthedegreecondition,coefficientsofo”(t;u,v)+Marepolynomials
ofLandindependentofM,weput

Xn(t;L)=d鯉(t¥u,v)+M.

Itiseasytoseethat
れ一l

x"(t;L)＝Ⅱ(t－(ek-g-偽)､rvs.
k＝O

ToconstructageneratingfunctionofXn(i;L),weput

l

①('̂J-l-ta-I*

anddefine疏(t;L)(、＝1,2,…)by

①(z,t;L)=

Lemma1Thefollowingequα"o冗sﾉiold.

。◎

Z疏.+i{t;L)z
記＝0

he+4L)&+ati}*=(端半to*)*

{(*+4L)&+3t!-n(n+2)}疏細=0

…-{鮮臓l鯛締)|鰯テロ

(4)

(5)

(6)

(7)

(8)

(9)

(10）

Theproofofthislemmaisstraightforward.
FromLemma1,wehavethefollowinglemmawhoseproofissimilartothatofLemma
1in[91.

Lemma2ThepolynomialXn{t]L)isgivenby

×蝿(';昨卿〃(")“ (11）
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Asaconsequenceoftheabovelemmas,wefindthat

州"‘!-{麗加|孟噸為"癖"に新”側
Thefollowinglemmawillbeusedlater.

Lemma3Weﾉiavethefolio切加gformulas.

T2m(t;L)+LT2m-2(t;L)-Jfem-lfcL)=0(m=1,2,3,…)(13)

T2m-l{t;L)X2m-l(t]L)一通m-2(t;L){x2m(t;L)+2̂}=L*"-H(m=1,2,3,…)(14)

Proof.Theidentity(13)isaneasyconsequenceof(10)and(12).
Itfollowsfrom(10)and(12)thattheidentity(14)isaconsequenceof

（2m+')F(m千',-":;x)F(､+',-m;;;x)‐

2mF{m+1,-m+1;2;X)F(m+1,-m-1;i;X)=1,(15)
whichisshownbyanelementarybutalittletediouscomputation. □

Thediscriminant△､(L,M)ofぴ"(t;L)＝X"(t;L)－Masapolynomialofｵisexpressed
asfbllows:Incase汎isodd,then△"(L,M)＝”､(M2＋4L")("－1)/2．Incase”＝4m，
then△郷(,M)=一”"M"/2-i(M+4L"/2)n/21̂ ĝn=4m+2,thenAJL,M)=
_”"M"/2(M+4Z,"/2)n/2-l.

3Saitofreedivisorsconstructedbyone-parameter

deformationofthepolynomialt/̂+z*

Fromnowonweassumethatniseven.Theoddncaseisdiscussedin[91.Sowe
put泥＝2mwithapositiveintegerm・Thehypersurface△"(L,M)＝Ocoincideswith
M(M＋4Lm)＝Ointhiscase・SinceM(M＋4Lm)＝(M＋2Lm)2-4L2m,weputM'＝
M+2Lmanddcfine△m(L,M')＝M'2-4L,2mandけ2m(t;L,M')＝X2m(t;L)一(M'－2Lm)．
IntroducevectorfieldsWq,W2by

｛
2LdL+2mM'dM>

2M'6L＋8mL2m-1aM，
肌
肌

|＝＝

:＝＝ (16）

BothWo,W2arelogarithmicalongÂ=0,thatis,wehave

WoAm=4mÂ ,WiAm=0.

Bydirectcomputationwehave

W2a2m{t;L,M')=4mM'通､-,(t;L)－8mL2m~’ (17）
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Lemma4

Wf+4(m-l)2Z,2m-2}ケ魂/2
＝＆{{8mL2m~1通､－4m(M'2-2L2m)通m-2-4mtL2m-2M'}6鋼2-4(m-1)tL2m-26認1

Thislemmaisshownbydirectcomputation.Weomititsproof(cf.[9]).
OurconcernistointroduceaSaitofreedivisorinĈdefinedasthepull-backofthe

hypersurface△m(L,M')＝OofC2byamapofC3tothe(L,M')-Spa心e､Fbrthispurpose，
wedefineamapof(a;i,X2,a;3)-spacetothe(L,M')-spaceasfollows.Firstweput

｛蝿鯛二室緬(…,寺”_噂（'81
Then

(xi,a:2,â3)-→K̂myﾉ』m)

definesamapof(rci,X2,a;3)-spacetothe(L,M')-space.Asapull-backofÂ(jL,M')by
thismap,weintroduceapolynomial

6m{x)=Hm{xf-4¥m{xf'̂. （19）

WearegoingtoshowthatthehypersurfaceSmofthe(a:i,a;2,a;3)-spacodefinedby
6mix)=0isaSaitofreedivisor.

Forthispurpose,wcconstructthreevectorfieldswhichaietangenttoSm-Itisclear
fromthedefinitionthatbothdx.dmydxîmaredivisiblebyiim[x).Soweput

“!(鰯)=赤恥,"‘(蓮)一応い"“（201
anddefinevectors

Pi=(xi,2x2,mx3) （21）
P2=(52i(a;),0,ff23(a:)).

Notethatg2i{x)--4x3.
Wedefine531(2:),532(2:),533(2:)by

屍=伽伽"(加鯛{x))=̂{{0,d,Jm,-d.Jm)-X…(xi;x2)p2}(22)
Notethat031(2:),532(2:),533(2:)arepolynomialsofx=(xi,X2,X3).

Remark1Promtﾉledefinition,piistﾉlecoefficiemUectoroftﾉieEulervectorfie〃as‐
sociatedtotﾉieweightedﾉiomogeneouspolynomialfim{xi,X2yX3)and屍伽sp-Pz)isthe
coefficie沌加ectorofakindofHamiltonianvector/ieldon(xi,X3)-space(resp.(x2,X3)-
spaceﾉ．

Usingthevectors風,鰯,屍,wc(l(》fincamatrixMjmby

脇-(為,蕊,蕊|）“’
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IntroducevectorfieldsVq,Vi,V2by

，(％,viM)＝M3､＃(a遍,,az2,a鰯3）

Thenbydirectcomputationweobtain

lVo,Vi]=(m-l)Vu[Vo,V2}=2(m-l)V2,[14,̂]=4(m-l̂-ifex̂Vi,(24)

Vrfm=4m6m,Vi8m=V25m=0, （25）

det{MsJ=-16m8m.(26)

Theseimplythatthehypersurface＆”inC3isactuallyaSaitofreedivisorbyvirtueof
(1.9)in[21.

4Asystemofuniformizationequationssingularalong
5manditssolutions

Inthissection,wefirstgiveasurveyontheresultbyK.Saitoconcerningasystemof
uniformizationequationssingularalongthedivisordefinedbythediscriminantofthe
WeylgroupoftypeA3.(Forthedetails,see[1],[3].)Thisisamodelof[9]andthispaper.
Nextweintroduceasystemofuniformizationequationsalong5̂andconstructsolutions
byhyperellipticintegralsandGaussianhypergeometricfunctions.

4．1ThecaseofA3.Aprototype

ThediscriminantA(Az)ofthepolynomialoftdefinedbyf(t)=*4-Xit*+X2t+X3
coincideswiththedeterminantofthematrix

州"-(菱鞠汁墨妻蔑卿）
uptoaconstantfactor.ItiseasytoseethatAiÂ)definesaSaitofreedivisorbyvirtue
of(1.9)in[2].Thisisshownasfollows.LetVq,Vi,V2bevectorfieldsdefinedby

'(Vo,VuV2)=MwJ(d̂d̂,d̂).

Thenbydirectcomputation,wehave

VoA(As)=12A(i4a),昭△(As)=0,略△(A3)=2xiA(i4s).

andtheseimplythatA(A3)=0isSaitofree.
Thesystemofdifferentialequations

l鰻霊輔 (27）
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isintroducedin[ll.Thisisanexampleofsystemsofuniformizationequationssingular
alongAIA3)=0.Wewillconstructsolutionsof(27)afterK.Saito.Wefirstintroduce
polynomials

L(通)='6"+;鱈f恥)=誇十3";-9…
Itiseasytoseethat

16A(A3)=L(x)*-1m(x)¥

Ⅷ=仏Ⅷ=6M,viL=Ⅷ=0,叩=-;肌馴=-:L，
Hereweput

略=V2-¥xiVv
Let

P{t)=4**-L{x)t+̂M{x)
beacubicpolynomialoft.Thenthefollowingformulasareeasytoshow:

P(-Ui)=4x1,

(Vq+2tdt)P=6P,

(9y*+JLz,(z))p(i)-i/2
=I|{(-12Z,(x)t*-3L(x)̂+iL(x)M(x)t-|M(x)2+L(x))P(t)-̂}.
Weput

v(x)=J'*'P-Idt.
Then,byanargumentexplainedin[1],weseethat

l/61ノー一v,Vi*ノー－1

and

V2%=¥x2V1v-L(x)v.
Asaconsequence,wefindthatthefunctioniﾉ(x)isasolutionof(27).

(28）

(29）

Ifu(x)isasolutionof(27)suchthatViu=0,thenuisasolutionofthesystem

％血＝－皿,Viu=0,Vfu=一坐“ （30）
48

OnemethodtosolvethisdifferentialequationsistoreduceittoGaussianhypergeometric

differentialequations.

Inthismanner,weobtainthreelinearlyindependentsolutionsof(27).
Themainpurposeofthispaperistogeneralizetheargumentofthissubsectiontothe
caseoftheSaitofreedivisor＆魁：6m＝0．
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4.2AsystemofuniformizationequationsalongSm

Weassumethatmisanintegersuchthatm>1.Weintroduceasystemofdifferential
equations

l蕊至庶1;噸…恥…Ⅷ㈹
Therighthandsidesoftheequationsinthesystem(31)aresochosenthatthesystem
satisfiestheintegrabilitycondition.

Remark2Thesystem伽ﾉisananajogueof(27)fortheSaitofreedivisorSm-

Itispossibletoshowthat(31)hasthreefundamentalsolutionsoutsideofSm-In
particular,thesystem(31)isasystemofuniformizationequationssingularalongthe
SaitofreedivisorSminthesenseof[1].Themainpurposeofthissubsectionisto

WehavealreadyintroducedX2m{t',L)and入̂(x)(=X2),fim(x)intheprevioussections.
Usingthese,wedefine

Pm{t;Xi,X2,X3)=̂ 2m{t;Xm{x),似加(x)).(32)

Itisclearfrom(18)that

Pm{t;Xi,X2,X3)=X2m{t;X2)-X2m{xl¥X2)+Xt(33)

WefrequentlywriteB"(t)insteadofF1"(t;z1,"2,z3)fbrsimPlicity，

Remark3Weexplai冗ﾉlej℃whyweintroducetﾉleUa両ablesXi,X2,X3.Letusconsiderthe
h”e7℃"加加ccwYﾉeCdefinedby

ŷ=̂2m(ｵ;L,M') （34）

on{t,y)-plane,whereL〃'αreparameters.//(xi,X3)isapointonC,then

⑰l=a2m{xi;L,M'). （35）

Thisimpliesthat

〃;＝x2m(z,;L)－(M'－2Lm)． （36）

Orequixﾉaje冗"y,

M'＝x2m(z,;L)＋2Lm-z:． （37）

〃weputL=X2,then(18ﾉﾉollows.

｛裟弐撒三蝋評、側
ThismeansthatthevectorfieldVq(resp.V2)actingonfunctionsofÂ(x),Um(x)isidenti-
fiedwiththevectorfieldWq(resp.-21̂2)actingfunctionsofL,Mbythecorrespondence
m̂~→L,Um-→M'．
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Theorem177ieん､c加冗Umix)definedfaノ

，癖に)=だ‘凡(‘)-"'“ （39）

isasolutionofthesystem伽ﾉ．

Proof.WeregardPm(t)asafunctionoftLetUbeasimplyconnecteddomainin
CU{｡c}－{tEClB"(t)＝0}containingthepoints〃,andoo.SincePm(xi)=x,we
takeabranchof(pit)=Pm(t)̂onUsuchthat

，(麹)=麦 （40）

Itisclearthat

limiV(t)=0(A;=0,1,2,…,m-l) （41）
t→”

andlimt→｡｡tmや(t)isbounded・
Weput

”癖(‘)皇か伽 （42）

whereCisapathcontainedinUwhosestartingpointisooandterminalpointisx¥.
SinceVm(x)isobtainedbyanalyticcontinuationofWm(x),toprovethetheoremitsuffices
toshowthatWm(x)isasolutionof(31).Wearegoingtoprovethis.
WefirstcomputeVquﾉm-Since(Vq+tdJPm=ImPm,itfollowsthat

VnPm=IrnPm一娩月脇． （43）

Ontheotherhand,wehave

W=一式%脇
Byvirtueof(43)and(44),wehave

(44）

ﾑVo(pdt伽州

三燃童凡崎
-""錘凱差‘…半景

陥切、
一
一

一
一

一
一

一
一

Integratingbytbothsidesoftheidentityequation

dt(t<p)=<p-¥-p--tdtPm
alongC,wehave

芸="銅一弘蛍絢尚“
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Then

；臆‘帆"="銅一旦z3
Asaconsequence,

VoWm=-mwm+Wm=-(m-l)uw

ThismeansthatWmsatisfiesthefirstof(31).
NextwecomputeViWm-Since

V1X2=0,Viflmix)=0,

itfollowsthat

VlPm=0.

Then

伽羅=/Vitpdt+Vi(xi)<p(xi)=-4x3̂(xi)=-4.

Namely,wehave

Viuﾉm=-4.

Thisimpliesthat

ViViuﾉm=V2V1Uﾉm=0,

whichmeansthatWm(x)satisfiesthesecondandthirdequationsof(31).
ThirdlywecomputeVZiDm-Itispossibletoshow

2̂(a:i)=4̂2m-i(a:i;x2).

Thenwefindthat

伽癖=か"+鵬(鋤)州)-たw"+4x"-‘(…）〃3
Consequently,

""緬=が"半恥)伽肥州(4X2m-妾州）
Since

=̂~2P~̂ '̂
and

V̂Pm=-2{W2a2m)¥L=X2,M'=̂{x)=-SmfJLm(x)T2m-l{t¥Xa)+IGmxl'"-*,

itfollowsthat

W'‘-蕊‘=箸{州加̂_i(xi;x2)-2x̂-n.
Consequentlywehave

16m
V2(Xi)(脇やルー懇,＝毒亨X2m-i(a:i;a:2){ﾉ'im{x)T2m-l{xi¥X2)-2x̂}.

(45）

(46）

(47）
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Ontheotherhand,itfollowsfromdirectcomputationthat

V2(x2m-i{xi;x2))=4(2m-l地詑m-2(z,;"2)＋z,:r;m-2}，
V2X3=4rnX3T2m-l(xuX2).

Then

yf̂n-妾耐X2)¥̂16伽-!){*電緬芸璽”手璽"-n
16mx2m-i(an;X2)r2m-i{xi;2:2)

■■■■■

^3

Thesecomputationsimply

脇2⑩m

＝か曹(fdt+̂j-X2m-l(…地m(x)T2ni-l{Xl¥X2)-2a$"-*}
16(2m-1)墨通"-,(鰯I;")+鰯";蝿-'}-伽癖_i(:ri;a:2)T2m-i(…）

^3

AsisshowninLemma4,wehave

{W|+4(m－l)22m-2}ケ雨1/2
a‘I{8mL2m-1通、－4m(M2-2Z,2m)功m-2-4mtL2m-2M}鎌/2-4(m－，)tL2m_2ケ尻v*|＝＝

Thisimpliesthat

｛:1/f＋4(m－1)2z;､-2}や
＝＆{{8m鰯;m~1通､(t;"2)－4m(仏m(鰯)2-2Z;､)吃､-2(t;鰯2)－4mtê-Vm(a:)}#-
-A(m-l)t3$"-*tp].

IntegratingbothsidesofthisequationalongCwithrespecttoi,wehave

が"手'6(､－1)，忽:癖-2"“
I{8m毎;露~1埴認{t;X2)-4m(剛鯉)箪-2鰹;感)埴"-2(",)-4m";“-'"z)}差
-4(m-l)̂ -V]S
16仇{2z;"i~'あ､(虚f殉一("､(z)2-2z;､)通､-2(z,;z2)－z1z;､-2粒位)}

:＝＝

■■■■■

■■■■■

*

一
一
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Then

"W+16(m-l)W-V

(騨蝋威嚇↓剛_"｝
+16(2m－1){鰯詑m-2(",;z2)＋z,鯵;m~2}-16mX2m-,(z,;z2)功､-,(z,;z2）

一
一

X3

16m{2";m~1通､(鰯1;Z2)一("m(Z)2-2Z;､)な､-2(Z1;諺2)一zlz;m~2似､(z)｝
一
一

Xo

-塑煙二筈些壁二皇+̂rX2m-l{xi¥X2){flm{x)T2m-l(xi¥X2)-2x$"̂}
16(2m-l){xlT2m-2{xi;x2)+xix*"-*}

16mX2m-l(…)T*m-l(漂垂2)
エ3

Atthismoment,wenotethatthefollowingidentityholds:

{2a$"-*T2n(XilX2)-{lhn{xf-to%")T*n-2(Xx¥X2)"X̂-̂(x)}
+X2m-l(Xi]X2){ﾉ』m(z)通､-,(z,;"2)－2z;､－1｝
=xlT2m-2(XuX2)ljLrn(x).

ThisisaconsequenceofLemma3and(18).Then

呼似ﾉ､＋16(m－1)2z;m-2”m
16(m-l)xia%"-*16γ肌通m-2(Xi;X2)ﾉ』mix)

I＝＝

16(2m-l){:gJT2m-2(si;̂2)+xiX̂'H-16mx2m-i(zi;通れm-l(xl¥X2)
Z3

16(m－1)z1z;m~2＋16mな､-2(z,;z2)ﾒ』mix):＝＝－

+16(2m星i)z〃~2-16mX2"_謡,;迩加ro-l(…）＋‐‐､一‐‐'一1－z 一一~へ．"‘~』､~』，~雪'.≦"‘~‘、~ﾕ+16(2m-l)X3T2m-2(XuX2)

16m{r2m-2(…，)州鍾)+雲z;m-2-x2m-,(麺,;z加"_,(z,;z2)｝
一
一

X3

+16(2m-I)z3r2m-2(:ci;a;2).

Asaconsequence,wehave

Vfuﾉ、

=-16(m-l)*x*"-Vn
16m{T2m-2(Si;S2)ﾉlm(x)+Xia%r*-X2m-l{Xl]X2)T2m-l(Xi;X2)}

z3

+16(2771-l)X3T2m-2(XuX2).

Atthismoment,wenoteanidentityequation

T2m-2[Xl]X2)flm{x)+Xixf**-X2m-¥{X¥¥X加m-l(Xi;X2)=－亜3̂2m-2(XuX2),
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whichisalsoaconsequenceofLemma3and(18).Then

－

－

－

一

V^m

-16(m-l)*X$"-*Wm-l6rnX3T2m-2{XuX2)+16(2m-l)X3T2m-2(Xi;X2)
-16(m-l)*a$"-*Wm+16(m-l)a:3T2m-2(zi;̂2).

SinceVi⑩m＝-4,itfbllowsthat

l'i2ujm＝-16(m－1)2";m~2f"m－4(m－1)Z”m-2("1;Z2)Vi⑩､．

Thismeansthatuﾉm(x)satisfiesthelastofthesystem(31).
ThereforewefindthatWm{x)isasolutionof(31)andthetheoremisproved.

19

□

Solutionsof(31)withtheconditionViu=0areexpressedintermsofGaussian
hypergeometricfunctions.

Theorem2Put

“(鰯)=‘“(鰯)帯F(器,祭;等;-籍)
Thenu(x)isasolutionof伽ﾉ”cﾉithatVaU=0.

Proof.Theproofofthistheoremissimilartothatin[9].Forthesakeofcompleteness,
wegivehereitsoutline・Firstwenotethat

Put

VoSmix)=4m<Uz),Ĥ=V2Sm(x)=0.

4z;、

!ノー一原司

andletuit)beafunctionoft.Letu{x)beasolutionof(31)suchthatViu=0.Then

’'6u=-(m-i)u,Vm=0,V2*u=-16(m-l)*a$"-*u.(48)

Assumethatu(x)=5̂{xŶ{y).Then

Vqu=SnixfUmp+Vo)<p(y).

Since％u＝一(m－l)秘,itfbllowsthat

(Vo+4pmWy)=-(m-1)̂(2ﾉ)．

Nowassumethatp=̂j-J*.Then
Vorty)=0.

SinceViSm(x)=V2<Jm(z)=0,wefindthat

vMy)=vMv)=o,V2My)=-i6(m-i)̂ "V(!ﾉ).(49)
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Itisstraightforwardtoshowthat

vMiﾉ)＝(恥)2や"(IﾉHOtfv)や'(Iﾉ).

Itisalsostraightforwardthat

恥＝聖里些>y
z2

and

y2y_32m(4maff"+(2m-l)̂(x)̂)
鰯；

Notingthese,wefindfrom

VaVfo)=-16(m-if̂Mlﾉ）

that

64m2ﾉ』mWVや"(Iﾉ)+32m{4mz;m+(2m-1)"m(z)2}”(y)＝-16(m-1)2z;'"ゆ(y).(50）

Wenoteherethat

”;"=一語(加州諺)--‘銅(北-'j
Then(50)turnsouttobe

64m2(l－伽2り"(y)+32m{-my-(2m-l)(y-l)}ytp'(iﾉ)-4(m-l)Wy)=0.(51)

Thisisequivalentto

{此(‘,-赤)-,(端鵠)霞}州-， (52）

Itisclearthat

*>-'ft̂'T")
isasolutionof(52)andthetheoremisproved. □

5TheCasesm=2,3

ThehyperellipticintegralVm(x)introducedinTheorem1isreducedtoanellipticintegral,
whenm=2andm=3.Wetreatthesecasesindetail.Inparticular,weexplainthe
relationshipbetweenthesecasesandtheclassicaltheoryofellipticfunctions.
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5．1Thecasem=2

Inthissubsection,wetreatthecasem=2．Inparticular,wedeterminetherelationship
betweenthevariablesxi,X2,X3usedintheprevioussectionsandthecoefficients<72>03of
theellipticcurvedefinedbyŷ=Ax̂-52z－93-
Inthiscase

Fh(”1,麺2,Z3)＝t4＋4Z2t2-崎十4命2)＋Z；

Weput

L=X2,M=Xi+4x¥x2-x¥(53)

asbefore.ThenthehypersurfaceMUtf+M)=0isaSaitofreedivisorinthe(xi,2,̂3)-
space.

Wedefinetheintegral

１
２
１
だ
鷹

一
一
１
－
２

１
一
一

い
司
り
くり

dt
(54）

W可+4扉~二~汀

Bytakingr=̂,wehave

dT

r*+4Lr̂ -Mr

Wenoteherethat

4(r*+4Lr*-Mr)=4p*-92P-93,

iftherearerelationsamongp,L,Mandr,52,93by

！＝職，
(53)impliesthat

l::冒奪撞熱:騨蝿，

Substitutionby

(55）

andthat

4p3_ĝp_̂^̂.4̂=4x̂x1
Moreover,if02)53aredefinedby(55),wehave

，(霧)=だ神｡銭ﾗー壷

(56）

(57）
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WenowintroduceWeierstrassellipticfunction

，(…'1=圭半(…要{(0,0)}̂千両詳両)*F而毒而茅〕側

52=60̂'耐;而罪*-"E'7ssrT雨冒
,(』職)熟澱蝋譜説蝋駕脇総:童卿efinedasfunctionsof

慢浄
‘=:e”M=-(ej-"ルーe鵬謝),

（;”+"=4(;趣)魯

，(墓)=":+;鞄=霧:+辱

"‘=〃丁二言.

""ST"刃扉了三二弓
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5．2Thecasem=3

Inthissubsection,wetreatthecasem=3.Inthiscase

島(t;z,,z2,z3)＝t6＋6z2t4＋9z;t2-zf(z:＋3z2)2＋Z;．

Weput

L＝z2，M＝zf(z:＋3鉱2)2－錘I(62)

ThehypersurfaceM(4L*+M)=0isaSaitofreedivisoronthe(xi,a;2,X3)-space.
Inthefollowingargument,weassumethatL,Marealgebraicallyindependent,but
don'tassumetherelationship(62)forL,Mand1,12,23,andstateexplicitlywhenwe
assumeit.

Wedefinetheintegral

/"*dt

妬 (63）U･(xi;L,M)=
6,6^4+9I,22_M

ByanargumentparalleltotheproofofTheorem1,itispossibletoshowthat0a(xi,L,M)
isasolutionofthesystem(31)forthecasem=3.(Wenotethattheintegrationpath
forUa(xi;L,M)startsfrom0andterminatesatxi.Thisisdifferentfromthedefinition
ofthefunctionVm(x)inTheorem1.)
Bychangingtheintegrationvariable5=î,wehaﾊﾉe

_-1パ ds，－．、

,｡(xuL,M)=J
a(xi]L,M)isreduce
/ehave

'･(鱈嘘M‘)=雁

(64）
s(s3+6Ls2+9L̂s-M)

Thismeansthatrﾉ｡(zijL,M)isreducedtoanellipticintegral.Bychangingintegration
variable5=1/r,wehave

dT
(65）

-4Mr3+36LV2+24Lr-+4

Moreoverbychangingintegrationvariabler=空帯星,wehave

“(…)=だ崎歳三房 (66）

if92,93satisfytherelation

｛
121,(91,3+2M),
-4(54L+18L*M+M2).

生
卵

－

_

－

■■■■■

(67）

WenoteherethattherearetworelationsamongXi,X2,X3and92,93

4M2＝4(3L2)3-92(3L2)－93，

(**)'-*(3*-$)-*(3̂-|f)-S3,｛ (68）
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function.W岬…信…剛…'叩に}……llipticfunc麗

附……M…………川卿臓……淵ofM=坐－h>

“｡-‘尚"‘-器"卿-3烏-‘

PM-SL2-J,z,-L,p'W=̂

に羨雨

伽)--2"(洲再舞当為竺刃

Z=-2Z幸裟蓋竺景

開嚇謝塑戻就撫醗綱鋤雛蹴鞠愚墓溌蟹珊

Z4-6L(9L3＋2M)Z2＋4(54L6＋l8L3M＋M2)Z-3L2(9L3＋2M)2＝0，（76）
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whichisequivalentto

(Z-SL̂iZ*+StfZ*-3L(15L3+AM)Z+(9L*+2Mf)=0.

Ifznisasolutionof

Z*+SL̂Ẑ-3L(15L3+4M)Z+(9̂+2M)2=0,

(77）

then

Z*+ZtfZ*-3L(15L3+4M)Z+(9̂+2Mf=(Z-zo){Z-zi)(Z-Z2),

where

｛
=i(-3I-zo-』昼(541,5+15L2M-ntfzo-Mzq-2L2J)),
=(-31,2_̂+J&(54L5+i5x,2̂_i2L3̂_̂-̂_2Lzl)).
１
２
Ｚ
Ｚ

(78）

Wetakeoqsuchthatp(oo)=31̂,whereLisasolutionof(71).Thenp(2ao)=p(ao),
whichimpliesthat2ao=士αo＋〔JfbraperiodU.If2a0＝α0＋“,then3L2＝P(αo)＝
8,((4ﾉ)=P(0).Thiscontradictsp(0)=00.If2ao=一αo+tc¥thenao=uj/Z.Letuji,uj2be
fundamentalperiodsofp(z).Thenao=(m+ji/3)cJi+(n4-32/̂2forsomeintegers
m,泥andjl,j2E{0,1,2}､Thisimpliesthatp(αo)＝"((jl"1＋j2"2)/3)．
Thepossibilitiesof(ルノ1+32̂.ﾉs)/3are

0，箸,害,等芋竺苛竺2u)i+102Wi+2cJ22a;i+2u)23
Moreover,

,(箸)=,(等川(等)="(芋川(竺苛望)=繊(判型)，

,(竺考2聖)=順(也音型)-'p子些）
Then

(z－p(*))(Z-P(*))(*－P(望苧))(*－p(塾2号里2))
(Z-zo)(Z-zi){Z-Z2)(Z-ZL*)

(79）
一
一

Wj=2､/二百(3L*+M-Lzj)(;=0,1,2)．(80)

嫁=4-92Zj-93
undertherelation(67).

|鯛璽臓蒙簿…"㈹
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Thenbytheargumentabove,wemaytakefundamentalperiodsaﾉi,uj2ofp(z)sothat

｛綱測洲二|:鮒ル （82）

Thenitfollowsfromtheadditionformula(81)that

｛鮒刈泌脳宰跳))言剛！（83）
Asaconclusion,wcfindthatthereisafundamentalperioduﾉisuchthat

P(",/3)＝3L2，P'(‘‘ﾉi/3)=2M.(84)

ThisisarelationbetweenLandafundamentalperiodofp{z).
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