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Abstract

The purpose of this paper is to study systems of uniformization equations singu-
lar along Saito free divisors which have solutions expressed in terms of hyperelliptic
integrals. Saito free divisors treated here are defined by use of the discriminants
of dihedral groups of order 4m. We construct fundamental solutions of the above
mentioned system by means of Gaussian hypergeometric functions in addition to a
solution expressed by the hyperelliptic integral. In the last section, we discuss the
cases m = 2 and m = 3 in detail.

1 Introduction

The notion of systems of uniformization equations singular along Saito free divisors was
introduced by K. Saito about thirty years ago (cf. [1]). We call a divisor in C" Saito
free if and only if the O¢n-module of its logarithmically tangent vector fields is free. In
spite of its interest, such systems are not studied well and there are many problems on
this theory to be done. The purpose of this paper is to study systems of uniformization
equations singular along Saito free divisors which have solutions expressed in terms of
hyperelliptic integrals. The same question was treated in [9] for two divisors defined by
weighted homogeneous polynomials in three variables. One is defined by the discriminant
of a dihedral group of order 2(2m + 1). The other is the discriminant of the reflection
group of type H3. In the former case, we construct fundamental solutions by means of
Gaussian hypergeometric functions in addition to a solution expressed by the hyperelliptic
integral.

In this paper, we treat the case of a Saito free divisor in C? constructed from the
discriminant of a dihedral group of order 4m in a natural way. The argument of this
paper is similar to that in [9]. The main result of this paper is to define a function of
three variables which is expressed by the hyperelliptic integral and determine the system
of uniformization equations which governs the function in question (cf. Theorem 1).
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We now briefly explain the contents of this paper. In section 2, we introduce a polyno-
mial, denoted by o, (t; u, v) of t whose coefficients are polynomials of u, v. We show that co-
efficients of o, (¢; u, v) are invariant by the action of a dihedral group of order 2n and imply
a generating function of o,(t;u,v). In section 3, we introduce a polynomial 4,,(zy, z2, z3)
of 1, Zs, z3 which is defined as the pull-back of the discriminant of o4, (t; 4, v) by a cer-
tain polynomial mapping. We show that the hypersurface é,,(z1,z2,z3) = 0 is a Saito
free divisor in C3. In section 4, after a brief survey on a result by K. Saito on a system
of uniformizations equations along the Saito free divisor in C® defined as the zero set of
the discriminant of type Az, we introduce a polynomial P,,(t; 1, z2, z3) of ¢ whose coeffi-
cients are polynomials of z1, 2,23 which is constructed by oom(t;u,v). Then we define a
function vy, (z;, T2, z3) by

T

vm(xlix% 1173) = / Pm(tl xlsx2ax3)-l/2dt'
o0
Since 2m is the degree of Pn,(t;z1,Z2,23), vm(21,Z2,23) is regarded as a hyperelliptic
integral. The purpose of this paper is to obtain a system of differential equations which
governs vn,(z1, s, Z3) (cf. Theorem 1). The system in question has three linearly inde-
pendent solutions outside the set 6,, = 0 and is regarded as a system of uniformization
equations in the sense of Saito (cf. [1], §3). We also construct fundamental solutions of the
system by means of Gaussian hypergeometric functions in addition to v, (cf. Theorem
2). In section 5, we study the function vy, for the cases m = 2,3 in detail. In the both
cases, vy, is reduced to an elliptic integral.

2 Preliminaries on dihedral groups

In this section, we introduce polynomials whose coefficients are invariant polynomials of
dihedral groups and study their elementary properties.
We start with introducing the polynomial of ¢ defined by

n—-1

an(t; u,v) = H(t - (Eku - E~kv)) (1)

k=0
where £ = e2™/?_ 1t follows from the definition that

on(t; —v,—u) = og(t;u,v)
on(t; —€v,—e7'u) = au(tiu,v)

On the other hand, the group G generated by the linear transformations

(w,v) = (-v,—u)
(u,v) — (—ev,—€"lu)

is isomorphic to the dihedral group of order 2n. If n is odd,

L=uw, M=(@@"-2v") (2)
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are basic invariants of the ring of G-invariant polynomials of u,v. On the other hand, if

n is even,
L=uw, M= @@"?-uy"?)? (3)

are basic invariants of the ring of G-invariant polynomials of u,v. In particular,
on(0;u,v) = -M

and the coefficients of o,(t;u,v) are polynomials of L, M.
Since by virtue of the degree condition, coefficients of o, (t;u,v) + M are polynomials
of L and independent of M, we put

Xn(t; L) = on(t;u,v) + M. (4)
It is easy to see that
n—1
xn(t: L) = [J ¢ - (€* - e™)VI). (5)
=0
To construct a generating function of x.(t; L), we put
1
ezt l) =y 12 (6)
and define 7,(t; L) (n =1,2,...) by
o0
®(z,t; L) = Y Tana(t; L)2" (7)
n=0
Lemma 1 The following equations hold.
{(t2+4L)al;+3t§}q> = (z2aij,+3z%) ® (8)
{(t2+4L);t—2; +3td -n(n+2)}r,,+, =0 9)
m+1)L™F (m+2,-m3-5£) (n=2m+1
a1t L) = ( ( 2 ? 4L) : (10)
L™F (m +1,-m,3; —:—L) (n =2m)

The proof of this lemma is straightforward.
From Lemma 1, we have the following lemma whose proof is similar to that of Lemma
1in [9].

Lemma 2 The polynomial x,(t; L) is given by

Xa(t; L) = n/t Ta(t; L)dt. (11)
0
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As a consequence of the above lemmas, we find that

2L™HF (m+1,-m —1,}; - ;;) —2L™ (n=2m+1)
Xn+1(t' L) 2 (12)
@m + 1)L™F (m +1,-m,&; E) (n = 2m)
The following lemma will be used later.
Lemma 3 We have the following formulas.
Tom(t; L) + LTom—2(t; L) — Xem-1(t; L) =0 (m=1,2,3,...) (13)

‘Tgm_l(t; L)Xgm_l(t; L) - Tgm_z(t; L){sz(t; L) + 2Lm} = L2m—2t (m = 1, 2, 3, .. ) (14)

Proof. The identity (13) is an easy consequence of (10) and (12).
It follows from (10) and (12) that the identity (14) is a consequence of

@m+1)F(m+1,-m; g;X)F(m +1,—-m; %;X)—

1
7X)=1 (15)
which is shown by an elementary but a little tedious computation. O

2ZmF(m+1,-m+1; 3X)F(m+1 -1;

The discriminant A, (L, M) of on(t; L) = xa(t; L)— M as a polynomial of ¢ is expressed
as follows: In case n is odd, then A,(L, M) = n*(M? + 4L")"~V/2, In case n = 4m,
then An(L, M) = —n"M™?~}(M + 4L™2)"/2, In case n = 4m + 2, then A, (L, M) =
_ nMn/Z(M+4Ln/2)n/2 -1

3 Saito free divisors constructed by one-parameter
deformation of the polynomial 3?™ + 24

From now on we assume that n is even. The odd n case is discussed in [9). So we
put n = 2m with a positive integer m. The hypersurface A,,(L M) = 0 coincides with
M(M +4L™) = 0 in this case. Since M(M +4L™) = (M +2L™)? — 4L*™, we put M’ =
M+2L™ and define A, (L, M) = M2 —4L?™ and Gam(t; L, M') = xom(t; L) —(M'-2L™).
Introduce vector fields Wy, W; by

Wo
Wa

Both Wy, W, are logarithmic along A,, = 0, that is, we have

2L, + 2mM'8py (16)
2Mla[, + 8mL2’"‘16M,

Woln, = dmA,, WoA,, =0.
By direct computation we have

Wabam(t; L, M') = dmM' 73, (t; L) — 8mL?™! (17)
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Lemma 4

(W2 +4(m — 1)2L*™2}5;

= [{8mL>™ 1y — dm(M™ — 2L*™) o3 — 4mtL2™=2 M} 557 — 4(m — 1)tL*™~2557]

This lemma is shown by direct computation. We omit its proof (cf. [9]).

Our concern is to introduce a Saito free divisor in C3® defined as the pull-back of the
hypersurface A, (L, M') = 0 of C? by a map of C? to the (L, M')-space. For this purpose,
we define a map of (z,, To, Z3)-space to the (L, M’)-space as follows. First we put

{ Am(xl» x2,$3) = T2 (18)
pm(T1, T2, T3) =  Xam(ZT1; T2) + 225 — 23
Then
(xhx?) $3) d (Amt I‘m)
defines a map of (21, T2, T3)-space to the (L, M')-space. As a pull-back of A, (L, M) by
this map, we introduce a polynomial

Sm(E) = pm(2)? = m(2)™. (19)

We are going to show that the hypersurface Sp, of the (z1,z2, z3)-space defined by
dm(z) = 0 is a Saito free divisor.

For this purposc, we construct three vector fields which are tangent to Sm. It is clear
from the definition that both 8;,6, 8;, 0, are divisible by pm(z). So we put

1 1
= ———0;,0m, ) = ————05,0m, 20
ng(w) ll'm(x) 39m 923( ) #m(x) 1 ( )
and define vectors
P = (1,222, mz3) (21)
ﬁ2 = (921(3)»0’923(1:))'

Note that go;(z) = —4z3.
We define g31(z), g32(z), gas(z) by

P3 = (931(z), g32(x), g33(z)) = %3{(0, Oz30my =02, 0m) — Xam-1(Z1; T2)P2} (22)

Note that g3 (), ga2(z), g33(z) are polynomials of z = (z1, T2, T3)-

Remark 1 From the definition, py is the coefficient vector of the Euler vector field as-
sociated to the weighted homogeneous polynomial pm(z1,Z2,23) and P (resp. Pp3) is the
coefficient vector of a kind of Hamiltonian vector field on (z1,z3)-space (resp. (z2,%3)-
space).

Using the vectors pi, P2, P3, we define a matrix Ms,, by

T 21, mz3
Mgm = —4$3 0 923(13) (23)

g3(z) gs(z) ga3(z)
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Introduce vector fields Vg, Vi, V; by
"(Vo, i, Va) = Ms,,(8z, O, Ocy)
Then by direct computation we obtain
Vo, il = (m - 1)W1, [V, Vo] =2(m —1)Va, [V, V] = 4(m — 1) Tom—1(z1; 22)V1, (24)
Voo = 4méby,, Vidm = Vadpn =0, (25)

det(Ms,.) = —16mén,. (26)

These imply that the hypersurface S, in C3 is actually a Saito free divisor by virtue of
(1.9) in [2].

4 A system of uniformization equations singular along
S, and its solutions

In this section, we first give a survey on the result by K. Saito concerning a system of
uniformization equations singular along the divisor defined by the discriminant of the
Weyl group of type As. (For the details, see (1}, [3].) This is a model of [9] and this paper.
Next we introduce a system of uniformization equations along S,, and construct solutions
by hyperelliptic integrals and Gaussian hypergeometric functions.

4.1 The case of A;. A prototype

The discriminant A(Asz) of the polynomial of ¢ defined by f(t) = t* + z,t2 + z3t + z3
coincides with the determinant of the matrix

2z, 3z, 4z;
MA(A;;) = 3z, —x? + 4z3 —lxlxg
41173 —%l‘lxz %(—3.’122 + 8371:223)

up to a constant factor. It is easy to see that A(A;) defines a Saito free divisor by virtue
of (1.9) in [2]. This is shown as follows. Let V,, V1, V2 be vector fields defined by

t(‘/ﬁv ‘/1’ ‘/2) = MA(As)t(aa:u a:nza a:t:a)'
Then by direct computation, we have
V()A(Aa) = 12A(A3), V],A(Ag) = 0, VQA(A:;) = 2x‘A(A3).

and thesc imply that A(A3) = 0 is Saito free.
The system of differential equations

Vou = —u

iiu = 0

ViVau = —lzu— iz Viu (27)
VaVou = —z3u— 2Viu
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is introduced in [1]. This is an example of systems of uniformization equations singular
along A(A3) = 0. We will construct solutions of (27) after K. Saito. We first introduce
polynomials

L) = 16z, + 323, M(z) = 32} + 362} — 96215
It is easy to see that .
16A(As) = L(x)® — EM(z)z,

3

1
VoL = 4L, VoM = 6M, ViL=ViM =0, V,L = —§M, VoM = —§L2.

Here we put )
Vo=V - ’G‘leO-

Let 1
P(t) = 4t* — L(z)t + §M(z)

be a cubic polynomial of ¢. Then the following formulas are easy to show:
P(—%ml) - 42,

(Vo + 2t8,)P = 6P,
V2 + & L(z))P(t)~/2

(
— 18 {(CBL@) - 8L + M)t - M) + L)) Pay2) . )
We put )
U(x) = / = P—%dt. (29)

Then, by an argument explained in [1], we see that
Vov=—v, Viv=-1

and

1 1
1/2’21) = ngVlv - ZS—L(x)v

As a consequence, we find that the function v(z) is a solution of (27).
If u(z) is a solution of (27) such that Viu = 0, then u is a solution of the system

Vou = —u, Viu =0, V;?u= —éLu (30)

One method to solve this differential equations is to reduce it to Gaussian hypergeometric
diffcrential equations.

In this manner, we obtain three linearly independent solutions of (27).

The main purpose of this paper is to generalize the argument of this subsection to the
case of the Saito free divisor S, : d, = 0.
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4.2 A system of uniformization equations along S,,

We assume that m is an integer such that m > 1. We introduce a system of differential
equations

‘/o'll. = _(m - l)uv

Wwhu = 0,

Wi = 0, (31)
VaVou = —16(m — 1)%22™ %y — 4(m — 1)z3Tom—2(z1; 22) Vius.

The right hand sides of the equations in the system (31) are so chosen that the system
satisfies the integrability condition.

Remark 2 The system (81) is an analogue of (27) for the Saito free divisor Sp,.

It is possible to show that (31) has three fundamental solutions outside of Sp,. In
particular, the system (31) is a system of uniformization equations singular along the
Saito free divisor S, in the sense of [1]. The main purpose of this subsection is to
construct its fundamental solutions.

We have already introduced xam(t; L) and A, (z)(= z2), #tm(z) in the previous sections.
Using these, we define

P (t; 1, T2, T3) = Fam(t; Am(T), ttm (7). (32)
It is clear from (18) that
Pr(t; 71, T2, %3) = Xom(8522) — Xom(21; T2) + 73. (33)
We frequently write P, (t) instead of Pn(t; z1, T2, z3) for simplicity.

Remark 3 We explain here why we introduce the variables x,, T2, x3. Let us consider the
hyperelliptic curve C defined by

y* = Gom(t; L, M') (34)
on (t,y)-plane, where L, M’ are parameters. If (z,,z3) is a point on C, then
$§ = &2m($l; L, MI) (35)
This implies that
T3 = Xom(z1; L) — (M’ — 2L™). (36)
Or equivalently,
M’ = xom(z1; L) + 2L™ — 3. (37)

If we put L = z,, then (18) follows.
We note that
WiAm =0, Vitkm =0, (38)
Vadm = —4pim, Vaprm = —16mAZm-1,

This means that the vector field V; (resp. V2) acting on functions of A,,(z), i, (z) is identi-
fied with the vector field Wy (resp. —2W,) acting functions of L, M by the correspondence
Am = L, py — M'.

{ VoAm = 2Am, Voitm = 2mpim,
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Theorem 1 The function vy,(z) defined by
Tl

um(a) = [ Pult) (39)
[e o}

is a solution of the system (81).

Proof. We regard P,(t) as a function of t. Let U be a simply connected domain in
CU {oc} — {t € C| Pn(t) = 0} containing the points z; and co. Since Pp(z1) = 23, we
take a branch of ¢(t) = P,(t)~"/? on U such that

1
p(z1) = - (40)
It is clear that
thmt" t)=0 (k=0,1,2,...,m~1) (41)
—00
and lim;_,, t™p(t) is bounded.
We put
un(®) = [ plt)e, (42)
c

where C is a path contained in U whose starting point is co and terminal point is z;.
Since v,,(z) is obtained by analytic continuation of wn(x), to prove the theorem it suffices
to show that wn,(z) is a solution of (31). We are going to prove this.

We first compute Vow,,. Since (Vg + t8;) P = 2mPp, it follows that

VoPn = 2mP,, — t0,Pp,. (43)
On the other hand, we have o
= —— . 44

By virtue of (43) and (44), we have

Vowm = / %<Pdt+%($1)‘P($l)

= —= —VDP dt + —
= ~——f—(2mP —t@t m)dt+—
2Jc P 1 3
= —mwny+ P,dt+ —
mw 5 /c' P - 10, + Pt
Integrating by t both sides of the identity equation
1o
O(tp) = — EP_ - 0, P

along C, we have
1 p
- | X ..P
2/0 P 10, P dt
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Then

As a consequence,
Vowm = —mwy, + Wy = —(m — 1)wpy,.

This means that w,, satisfies the first of (31).
Next we compute Vjw,,. Since
‘/12:2 = 0’ ‘/lll‘m(x) = 0,
it follows that
ViPn = 0.
Then
Vi = [ Vigdt + Vi(a:) - ple) = ~daspla) = —4.
c
Namely, we have
Viwy, = —4.

This implies that
Whu, = VaWiw, = 0,

which means that wp, () satisfies the second and third equations of (31).
Thirdly we compute V2w,. It is possible to show

Vz(xl) = 4X2m—1($1; 1‘2).
Then we find that

Vo = [ Vapdt + Vi(ar) - plan) = [ Vapas + om0
(] C

3
Consequently,
Vo = [ Viedt + V) (Vaglom + s (2t
c

Since

Vap = ~55~(VaPn),

and

VaPr = —2(Wabam)| L=co M'=pim(z) = —~8Mpten(T)Tam—1(t; T2) + 16mz2™1,

it follows that 4
m _
V.2S0|t=zl = ?’{P—m(x)T2m—l(xl;z2) - 2$§m 1}'
3

Consequently we have

16m
Xem-1(T1; Z2) {ftm (T) Tom—-1(Z1; T2) — 2z

Va(z1)(Va)li=z, = =

),

(45)

(46)

(47)
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On the other hand, it follows from direct computation that
Va(xom-1(21522)) = 4(2m — 1){-"33"'2m—2($1,x2) + $1$2m_2 ;
Vaxz = 4mz3mom-1(T1; T2)-

Then

" (4)(2,,,_1(:151;:1:2)) _ 16(2m — 1){z3Tom—2(1; T2) + T125™ %}
T3 xs3

_ 16mxam-1(z1; 2) Tam-1(Z1; T2)
I3

These computations imply

Vo2 wrm,
16m -
= / Va2pdt + —-sz-l(zx,xz {tm(@)Tam-1(z1; T2) — 225" 7'}

16(2m - 1){2:31'2,,, o(x1;Z2) + 1:1:1;2"‘_2} — 16mxam-1(Z1; T2)Tom- 1(1'1,-'132)
I3

As is shown in Lemma 4, we have

(W2 +4(m — 1)2L*"2}55*
= B [{8MLP ™y — AM(M? — 2LP™) Ty g — 4mtLP™ M Y57 — 4(m — 1L 255%).

This implies that
(1V2 +4(m - 1)%a3" )
= B[{8mz2™ 1o (t; T2) — Am(pim(z)? — 222™) Tom—2(t; T2) — 4mt:c2’"_2um(z)};?;

—4(m — 1)tz 2y).

Integrating both sides of this equation along C with respect to ¢, we have

/ V2pdt + 16(m — 1)2z2™ 2w,

= [{8mzi™ ' Tom(t; T2) — Am(pm(T)? — 225™) Tom—2(t; T2) — 4mta:§m'2/.l,m(x)}P£
—4(m — 1)tzim2p)o0
_16m{2z5" " Ty (15 T2) — (im(2)* — 222 Tom_o(T1; T2) — T1T2™ 2l (T)}

3
_ lG(m—l):l:zzz'"'2
z3 *
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Then
Volwy, + 16(m — 1)2z2™ 2y,

Valdt + 16(m — 1)2:z§m'2wm)

+1?i"-'X2m—1($1; T2 ){ tm () Tam—1(z1; T2) — 225™ 7'}
+ 16(2m — 1){237am—o(21; T2) + 2:22™ 2} — 16mx2m-1(Z1; T2) Tom—1(T1; T2)

I3
- 16m{2x§m-l‘f2m($l;xz) = (m(2)? = 223" ) Tom—2(21; T2) — zw%’"”%(m)}
2m-2  16m =3
—motaizm 5 Xam-1 (703 22){tm (@) Tom-1 (713 22) — 22377}
3
+ 16(2m — 1){227am—2(21; 22) + z122™%}
T3

_ 16mxam-1(Z1:Z2)T2m-1(21:22)

x3 *

At this moment, we note that the following identity holds:
2m—2

{225 Tam (%1 22) — (4 (2)? — 223™) Tam—2(Z1; T2) — T172™ 2 im () }
+Xom-1(21; T2){ o (T) Tom—1 (21; T2) — 222™1}
= Z3Tom-2(T1; Z2) tm ().

This is a consequence of Lemma 3 and (18). Then

V2w, + 16(m — 1)222™ 2y,
_16(m — 1)z,23™ "2 + 161 Tom—2(Z1; T2) i ()
T3 T
+ 16(2m — 1){z3rom—2(z1; T2) + xlxz”"z} — 16mxom-1(Z1; T2)Tam-1(21; Z2)

I3
16(m - l)zla:z""z 16m7'2m_2 T, T2) U\ T
— 2 +

T3 z3
+16(2m — 1)z;22™2 — 16mxam-1(Z1; T2) Tam-1(Z1; T2)

I3
_ 16m{Tom—2(21; T2)ptm () + 2125™ "> — Xom-1(21; T2) Tom—1(21; Z2)}
I3
+16(2m - 1):1?37'2,"..2(2:1; 2:2).
As a consequence, we have
V22wm
= —16(m - 1)%z2™ 2w,
4 16m{Tom-2(21; 22)ptm(2) + 125" % — Xom-1(Z1; T2) Tom—1(%1; T2) }
Z3

+16(2m - 1)1237'21,,_2(271; 1122).

At this moment, we note an identity equation

Tam—2(21; T2) b () + 212572 = Xom-1(T1; 22) Tom—1(21; T2) = —Z2Tom—2(21; Ta),

+16(2m — 1)z372m-2(z1; 22)
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which is also a consequence of Lemma 3 and (18). Then

Valwp,
—16(m - 1)2:1:%”"210,,, — 16mz3Tom—2(z1; T2) + 16(2m — 1)z3Tom-2(Z1; Z2)
—16(m — 1)2z2™ 2w, + 16(m — 1)T3Tom-2(Z1; T2)-

Since Vjw,, = —4, it follows that
Valwm = —16(m — 1)%z2™ 2w, — 4(m — 1)z372m—2(21; T2) Vitm.

This means that w,(r) satisfies the last of the system (31).
Therefore we find that wp,(z) is a solution of (31) and the theorem is proved. O

Solutions of (31) with the condition Viu = 0 are expressed in terms of Gaussian
hypergeometric functions.

Theorem 2 Put

N m-1m-12m—-1 4zd"
u(:r)—dm(:l;) F( dm ) Am ) 29m ) 67"(2:))‘

Then u(z) is a solution of (31) such that Viu = 0.

Proof. The proof of this theorem is similar to that in [9]. For the sake of completeness,
we give here its outline. First we note that

Vobm(z) = 4mpn(z), Vibm = Vadm(z) = 0.

Put
4z2m

O (z)
and let (t) be a function of ¢. Let u(z) be a solution of (31) such that Viu = 0. Then

Vou= —(m—-1)u, Viu=0, Vu=-16(m—1)*z3" >u. (48)
Assume that u(zr) = 0 (z)Pp(y). Then
Vou = dm(z)(4mp + Vo)o(y)-
Since Vou = —(m — 1)u, it follows that
(Vo +4pm)e(y) = —(m — 1)p(y)-

Now assume that p = 122, Then
Vop(y) = 0.

Since V1o (z) = Vadp(z) = 0, we find that

Vou(y) = Vip(y) =0, Valp(y) = —16(m — 1)’ 2¢(y). (49)
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1t is straightforward to show that

Vio(y) = (Vay)’¢" () + (Vo’y) ¥ (y)-
It is also straightforward that

8um(z
sz=——“;"2( )y

and

32m(dmaz2™ + (2m - l)pm(a: )y
z3 )

Valy =
Noting these, we find from
Vao(y) = ~16(m — 1)’23" 2 (y)
that

64m® i ()22 0" (y) +32m{dma™ + (2m— 1) (z) 2}y (¥) = —16(m—1)z2™p(y). (50)
We note here that

2m

1
2" = = 70m(@)y,  pm(2) = —dm(z)(y — 1),
Then (50) turns out to be

64m*(1 — y)y’¢"(v) + 32m{—my — (2m — 1)(y — 1)}y¢'(y) — 4(m — 1)?ye(y) = 0. (51)

This is equivalent to

Uy ﬂy-i -y 19,,+m—_1 2 p(y) =0. (52)
2m 4dm

m-1m-12m-1
QO(y)—F( 4m ) 4m 3 2m 9y)

It is clear that

is a solution of (52) and the theorem is proved. O

5 The Cases m = 2,3

The hyperelliptic integral v,,(z) introduced in Theorem 1 is reduced to an elliptic integral,
when m = 2 and m = 3. We treat these cases in detail. In particular, we explain the
relationship between these cases and the classical theory of elliptic functions.
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5.1 The case m =2

In this subsection, we treat the case m = 2. In particular, we determine the relationship
between the variables z1, Z, 3 used in the previous sections and the coefficients go, g3 of
the elliptic curve defined by y? = 423 — goz — g3.
In this case
Py(t; z1, T2, T3) = t* + dzot? ~ (z} + dzlzy) + 3.

We put
L=z, M =z}+ 422z, 22 (53)

as before. Then the hypersurface M(4L?+ M) = 0 is a Saito free divisor in the (1, Z2, Z3)-
space.

We define the integral
1 dt
= R — 54
v(a) /w Ve tALe - M 50
By taking r = 2, we have
1 = dr
v(z) = = / —_—
2Jo VT3+4Lr?— Mr
We note here that
4(r® + 4Lr® — M7) = 4p° — gop — g3,
if there are relations among p, L, M and r, g2, g3 by
4
p = r+L,
8 16
g = 4(M + ?Lz)v
16 32
= ——L(M+ —L?.
9 3 LM + L)
Substitution by (53) implies that
4
g2 = 5(3:1:‘} + 122225 + 1623 — 3z3) (55)
16
g = —2—7x2(9x‘; + 3622z, + 3272 — 923)
and that
4p3 — g2p — g3|p=:l:¥+%x2 = 4$§$§ (56)
Moreover, if g5, g3 are defined by (55), we have
z2+4z,
o= [ =2 (57)
o V4P — g0 — g3
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We now introduce Weierstrass elliptic function

1 1 1
=5+ 8 ;= ;). 69
z (m,n)€Z2-{(0,0)} (z +mu; + nuz) (mu, + nug)

As is well-known, the relations among gs, g3 and u,,us are

1 l / 1
= =140y — .
9. = 60 Z (muy + nug)* 98 0 Z (muy + nuy)é (59)

In the rest of this subsection, we show how z,,z5,z3 are defined as functions of
p(z; w1, up) and uy, u,. For this purpose, we introduce ey, ey, €3 by
4p® — gop— g3 = 4(p — e1)(p — &2)(p — €3).
Theorem 3 We assume 9o, g3, v(z) are defined by (55) and (57) and put z = v(z). Let
p(z) be Weierstrass elliptic function satisfying p'(2)? = 4p(2)® — gapp(2) — g3. Then

i = p(z)-a
3
2 B Za /(,\2
2 - _P@ (60)
: 4(p(2) — @)

2.’E1$3 = p'(z)
where o is one of ey, ey, €3.
Moreover, if L, M are polynomials of x1, 2,3 defined by (53) and o = e, then
3
L= Zejv M= _(e.‘i - ekn)(ej - ekz)a (61)
where {j, k1, k2} = {1,2,3}.

Proof. To prove this relation, we first note that the relation (55) implies the identity
equation

4 4
(51’2)92 +9g3= 4(§$2)3-
This means that p = 3z, is a solution of the equation 4p® — g,p — g3 = 0 for p. So we put
3

Tz = —€5

4
for  =1,2,3. On the other hand, the definition of v(z) implies that

4
p(z) = 13 + 3% = T3 +€j.

Then we may put

T =/p(2) — ;.
Noting (56), we may put
©'(z) = 22123.
Then , ,
L0 __ d0)
3 =

2 2/p(2) — ¢

The rest of the theorem is easy to show. a
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5.2 The case m =3

In this subsection, we treat the case m = 3. In this case
Pa(t; T1, Ta, z3) = t& + 6zot* + 922t% — z}(a? + 37,)% + 3.

We put
L=z, M =z3z?+3x,;)*—73. (62)

The hypersurface M(4L3 + M) = 0 is a Saito free divisor on the (z,, z2, z3)-space.

In the following argument, we assume that L, M are algebraically independent, but
don’t assume the relationship (62) for L, M and z,,z,, 3, and state explicitly when we
assume it.

We define the integral

dt

T
a N L) M) =
va(1 ) /0 /i + 6Lt + 0% — M

(63)

By an argument parallel to the proof of Theorem 1, it is possible to show that v,(z1, L, M)
is a solution of the system (31) for the case mm = 3. (We note that the integration path
for va(z1; L, M) starts from 0 and terminates at ;. This is different from the definition
of the function vp,(z) in Theorem 1.)

By changing the integration variable s = t?, we have

1 /z? ds
2Jo +/s(s®+6Ls?+9L%s — M)

ve(z1; L, M) = (64)

This means that v,(z,; L, M) is reduced to an elliptic integral. By changing integration
variable s = 1/r, we have

d dr

wlon L M)= | I T s ¥ oAl 1 4 (©)
Moreover by changing integration variable r = :LL-"’A{, we have
vo(z1; L, M) = 3L2_£:7 _dr___’ (66)
o VAP -gp—0s
if g2, g3 satisfy the relation
g2 = 12L(9L3 +2M),
{ 9 = —A4(54L° + 18L3M + M?). (67)
We note here that there are two relations among z,, 23,23 and gs, g3
AM? = 4(3L%) — gs(3L%) — g3,
Loy = s ) (o)
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if we assume the conditions (62) and (67) for L, M and gs, gs.

We are now going to express T, 2,23 as functions of gs, g3 and Weierstrass elliptic
function. We regard gs,gs,2 as variables and let p(z) be Weierstrass elliptic function
satisfying

¢'(2)" = 4p(2)° — g2p(2) - gs- (69)
We introduce L, M so that L, M satisfy the condition (67). It follows from the first of
(67) that

92 93

T 2L 2 (70)
Substituting this to the second of (67), we find that u = L is a solution of the equation
2
8 92 4 93 o 9
u—6~m-u —ﬁ-u —3'r36—-0. (71)

For this rcason, we first take a solution L of (71) and define M by (70). Next we define
T, T2, T3 by the relations

M 2z3M
p2) =3L -5, z=1, ¢(z)="3 (72)
Iy 51
In other words,
vM
" e
Ty = L, (73)
xa 7
o = T

The equation (72) is compatible with the second of (68). In this manner, z;,z3,z3 are

expressed by gz, g3, po(2).

We are going to specify the meaning of L in the argument above. As we will see at
the end of this subsection, the value of the 3-division point of a fundamental period of
p(z) is written by L. Recall the duplication formula for the elliptic function

(3p(z) ~ 90/2P
(4p(2)® ~ gop(z) — ga)
The substitution of both Z = p(z) and Z = p(22) in this identity implies an equation

(32 — g./4)?

p(22) = —2p(2) +

Z=_2Z+4Z3—g22—g3' (74)
This turns out to be an algebraic equation
482" — 24g,7% — 48932 — g2 =0 (75)

By the substitution Z = 3u?, (75) becomes (71), which means that if L is a solution of
(71) and p(ap) = 3L? for a constant ag, then p(2ap) = p(ag). We now define g;, g3 by
(67) and substitute them on (75). Then we obtain

Z* —6L(9L® + 2M)Z% + 4(54L° + 18L*M + M?*)Z — 3L*(9L* + 2M)* =0,  (76)
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which is equivalent to
(Z - 3L%)(Z® + 3L*Z% — 3L(15L% + 4M)Z + (9L® + 2M)?) = 0. (77)
If zp is a solution of
Z% 4+ 3L%Z% — 3L(15L* + 4M)Z + (9L® + 2M)* =0,
then
Z3 4+ 3L%22% - 3L(I5L3 + AM)Z + (OL® 4+ 2M)? = (Z — 2)(Z — 21)(Z — ),
where

{ 2 = Y(-3L2 -z — ¥Z3(54L° + 150°M — 12L32 — Mz — 2L2)),

78
zg = L(=8L% -z + Y2 (54L° + 15L2M — 12L%2 — Mz — 2Lz()). (78)

We take ag such that p(ao) = 3L?, where L is a solution of (71). Then p(2ao) = p(ao),
which implies that 2a9 = +ag + w for a period w. If 2a9 = ag + w, then 3L? = p(ag) =
p(w) = p(0). This contradicts p(0) = oco. If 2ag = —ag +w, then ag = w/3. Let wy,w, be
fundamental periods of p(z). Then ag = (m + j1/3)wy + (n + j2/3)w, for some integers
m,n and j;,j2 € {0,1,2}. This implies that p(ao) = p((j1w1 + jaw2)/3).

The possibilities of (jjw; + jows)/3 are

wi wa % @ wiFws 2w twy w 2w 2w + 2wy
3'3'" 3"’ 3° 3’ 3 3 3 )

) (227),
(222).
)

0,

Moreover,

o(2)-0(2). #(2)-5(%). #(23

®
(252) o (222

p (5

%)

Then w 2w) +w:
(Z-0(2) (Z-p(2) (Z-p(=42) Z-p(B52)
= (Z-2)(Z - 2)(Z - 2)(Z-3L
We put
w; =2vV-38L*+ M - Lz;) (j=0,1,2). (80)
Then it is easy to show that
w} = zf. —922; — 93
under the relation (67).
Now we recall the addition formula for p(z);
1(p/(22) — ¢'(21))?
21+ 2 = —p(z1) —p(2z2)+ -
P( 1 2) P( 1) P( 2) 4 (9(22) —P(zl))z (81)

' (2) (' (21 + 22) — p(22)) + 0/ (22) (p(21) — (21 + 22))
p(z2) — p(21)

Pla+zn) =
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Then by the argument above, we may take fundamental periods w;,ws of p(z) so that

{ (p(w1/3),9'(w1/3)) = (3L%2M), (82)
(p(w2/3), ' (w2/3)) = (20, w0)-
Then it follows from the addition formula (81) that
{ (p((w1 +w2)/3), ' (w1 +w2)/3)) = (21,wn), (83)
(((2w1 +w2)/3), ' ((2w1 + w2)/3)) = (22, w2).

As a conclusion, we find that there is a fundamental period w; such that
p(w/3) =3L% ¢'(w/3) =2M. (84)

This is a relation between L and a fundamental period of p(z).
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