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Abstract 

We formulate a monodromy preserving deformation (MPD) of Fuchsian differ
ential equations on an irreducible rational curve with one node (which we call a 
rational nodal curve) and derive systems of differential equations that govern the 
MPD on the rational nodal curve. We also show that the MPD systems on a ra
tional nodal curve are solved in terms of a solution to the sixth Painleve equation 
and a 7-quotient associated with it. The results in this paper provide a geometric 
background for the asymptotic analysis on the system of differential equations that 
governs the MPD on elliptic curves around the boundary in the moduli space of 
elliptic curves. 

1 Introduction 

Monodromy preserving deformations (MPDs) of linear differential equations with ratio
nal coefficients yield many interesting non-linear special functions such as the Painleve 
transcendents. It is a natural problem to extend the theory to the cases of non-rational 
algebraic curves. In his papers [11] and [12], K. Okamoto began to study the MPD of 
linear differential equations on an elliptic curve, and several authors treated this subject 
([7, 8, 9, 16, 17]). Our original motivation is to investigate analytic properties of solu
tions to the system of differential equations that governs the MPD of Fuchsian differential 
equations on elliptic curves. The MPD system on elliptic curves naturally has two types 
of independent variables, namely configurations of points on an elliptic curve and moduli 
of elliptic curves. The fiber of the boundary point in the moduli space of elliptic curves 
forms an irreducible rational curve with one node (which we call a rational nodal curve). 
In [10] the author proved that, given a solution to the sixth Painleve equation (a Pvr 
function) and a 7-quotient associated with it, there exists a unique solution to the MPD 
system on elliptic curves whose "boundary value at the boundary point" coincides with 
the given datum. A main purpose in the present paper is to provide a geometric inter
pretation of this result, that is we formulate an MPD of Fuchsian differential equations 
on a rational nodal curve and show that the datum consisting of a Pvrfunction and a 
7-quotient governs the MPD on the rational nodal curve. 

1 Mathematical Subject Classification{2000}: 34M55, 34M45. 
Keywords:The sixth Painleve equation, Monodromy, Rational nodal curve. 



2 T.Mano

Thispaperisconstructedasfollows.InSection2,webrieflyreviewtheMPDtheo-

riesofFuchsiandifferentialequationswithtworegularsingularitiesonanellipticcurve.

Firstly,wefollowOkamoto'sformulation,whichtreatsasecond-ordersingledifferential
equation.Secondly,wefollowKorotkin-Samtleben'sformulation,whichtreatsarank-two

systemofdifferentialequations.OurMPDtheoryonarationalnodalcurvemodelsthese

theoriesonellipticcurves・InSection3,weformulateanMPDofasecond-ordersingle

Fuchsiandifferentialequationonarationalnodalcurve.Firstofall,wepresentadefi-
nitionofthemonodromyrepresentationofsolutionstoaFuchsiandifferentialequation
ontherationalnodalcurve.ThenweconsideradeformationproblemoftheFuchsian

differentialequationandderiveaHamiltoniansystemastheisomonodromiccondition

(Theorem3.1).InSection4,weconsidertotakethelimitT→-HoointheMPDequa-
tiononellipticcurves.Inthispaperweregardtheperiodrofellipticcurvesasjusta
parameter(notasanindependentvariable).WeshowthattheHamiltoniansystemin
Section2becomestheoneinSection3inthelimitT→-Moo.InSection5,weformulate
anMPDofarank-twosystemofFuchsiandifferentialequationsontherationalnodal

curveandderiveasystemofdifferentialequationsthatgovernstheMPDontheratio-

nalnodalcurve(Theorem5.1).WeprovethattheMPDsystemissolvedintermsofa
Pv/-functionandar-quotientassociatedwithit(Theorem5.2).Lastly,weshowthatthe
HamiltoniansystemobtainedinSection3isgenericallyequivalenttotheMPDsystem
obtainedinthissection(Theorem5.3).Fromtheseresults,wecanconcludethatthe
HamiltoniansysteminSection3issolvedintermsofaPv//-functionandar-quotientas-
sociatedwithit.Ontheotherhand,itisknownthatthesixthPainleveequationalsocan
bewrittenasaHamiltoniansystem・Corollary5.1describesarelationshipbetweenthe
twoHamiltoniansystems.Thisresultseemstosuggestanewandinterestingrelationship
betweenr-quotientsandcharacteristicexponents.

Acknowledgements:TheauthorthanksProfessorY・Sasakiformanyhelpfulcomments
tocompletethisworkandProfessorK.Okamotoforhisinspiringsuggestions.This
workwaspartiallysupportedbyGCOE,KyotoUniversityandMEXTGrant-in-Aidfor

YoungScientists(B)21740118.

2ReviewontheMPDtheoriesonellipticcurves

Inthissection,webrieflyreviewtheMPDtheoriesofFuchsiandifferentialequationswith

tworegularsingularitiesonanellipticcurve.Firstly,wefollowOkamoto'sformulation,
whichtreatsasecond-ordersingledifferentialequation.Secondly,wefollowKorotkin-

Samtleben'sformulation,whichtreatsarank-twosystemofdifferentialequations.This
sectionisbasicallyasummaryofknownresults.Seeoriginalpapers[11,13,7,9]for
details.

Notationforellipticfunctions・Inthispaper,webasicallyfollowstandardnotations

fbrellipticfUnctions､Onecanconsulte,9.12,181.FbrTEH,let＆＝C/Z＋Zγbethe
complextoruswithfundamentalperiods1andr.Wedefine咽ﾉeierstrass'ellipticfunctions
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4 T.Mano

AlAtAfc(fc=1,2),nosolutionhaﾊﾉelogarithmicsingularities.

A2Thedifferentialequation(1)isnotreducible.

A3NeitherCinorC2isaninteger.

Thecoe価cientsHandvareexpressibleintermsoftheotherparametersbytheassump-
tionAl:

H=M[i4－"l+N{fli+fl2)－△1+A2], （3）

u=Mltili(Xut)一":3(入2;t)一Ⅳ(/ii3(Ai;i)-|-/i23(A2;<))

+Ai3(A2;i)－△23(Ai;<)], （4）

whereM=l/(3(Ai;t)-3(A2;t)),N=3(Ai;A2),and△た＝a1P(入fc)+a2p(Afc-i)-l-3p(Ai-
A2)/4,A:=1,2.LetW(z)=(wi(z),uﾉ2(2))beafundamentalsystemofsolutionsto(1)
definednearabasepoint,wedefinethemonodromymatricesofW(z)asfollows:

Ŵ'(z)=W(z)Mi,z=0,1,2,CO,

whereŴ'(z)standsfortheanalyticcontinuationofW(z)alongthelooplidrawnin
Figure1:/iandI2areloopsstartingfromthebasepointandturninganticlockwise

around[0]and[i],respectively.Theloops/qandIqqarebasicperiodsoftheellipticcurve.
NotethatMESL(2,C).Wecallthesetofmatrices{M6.,Mb,Mi,雌}themonodromy
datumassociatedwithW(z).Notethatthereexiststhefollowinguniquerelationamong
M's:

M-'Mo'M̂ Mo=M1M2, （5）

whichcomesformthehomoto脚Fequivalencerelationamongtheloops:

層･'5'･1...10～1,.J2．

Theorem2.1(Okamoto[13]).7ｿlemonodromypreservingdeformationoftheFuchsian
equation(1)withanindependentvanαNetisgovernedbytﾉleHam"加冗iansystemwitﾉi
tﾉieHamiltonia犯九”c〃onH:

｛暮亘蕊‘-地（‘）
Infact,wecanalsotaketheperiodrasanindependentvariable:

Theorem2.2(Kawai[7]).Weintroduceanotﾉie『んnctionhiノ

K:=̂¥v+Hp{t)-/xî(Ai)-M2P(A2)],(7)
tﾉlentheMPDofil)wi仇α冗如dependentvariablerisgovernedbytheHamiltoniansystem
wi沈めeHamiltoniαれん泥c加冗K:

｛ 掌亘蕊…⑧
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X:abasepoint

Figure1:LoopsonEr-

However,inthispaper,weregardrasjustaparameternotasanindependentvariable.

Next,weconsiderthefollowingsystemofdifferentialequations:

- 葛Ⅸ(9)

where

州=(掛剃(，孟戦割)維盆餓蹴41‘)）
withtherelations

‐αf-β,γ,=一等-α3－伽一事(10)
forsomeconstantsCi,C2.WemaketheassumptionsA2,A3alsoonthesystem(9).The
matrixA(z)hasthefollowingquasi-periodicities:

〃に川=A(z),A(豊帝ｧ>-rra)M'ず』‘鳥)
Remark2.1.7ｿiesequasi-periodicitiesofA(z)suggeststhatwesﾉiould卸ardA(z)as
α伽lomorphicconnectiono汎aUector加冗〃eonEr,i"ﾉlieﾉiistﾉiedii℃ctsumoftwo〃伽e
bundlesparameterizedby入

LetY(z)beafundamentalsystemofsolutionsto(9)．Wedefinethemonodromy
matricesofY(z)asfollows:

Y'<(z)=Y(z)Mi,i=0,1,2,

γ‘-(暑'=(虐;』ふ)昨鵬
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Proposition2.1(Korotkin-Samtleben[9]).LetY(z;t)beafamilyoffundamentalsys-
temsofsolutionsto(9)．Tｿienthemonodromi/matricesofY{z]t)α形如dependentoft,
ヴαnd0伽ヴY(z;t)α泥｡入＝入(t)satisjｼ仇e/b"o嘘冗gsystemofdiffer℃ntialequations:

筈{z;t)=B{鰯〃(郡l芸=-2ai,(11)
uﾉﾉle7℃

β剛=(ど雛型制)二歎怨》）（'21
andeissomeん泥ctionoftα汎dindependentofz.

Remzurk2､2.7ｿleparametereisnotesse泥"α/becauseitcomesﾉｹwnam吻uityofthe

”or､α"zα"onofY(z;t).

Proposition2．2([9]).LetY(z',t)beafam"yofん泥damentaIsystemsofsolutionsわ
(9).7ｿlentﾉlemonod7℃mymatricesofY(z;T)α泥independentofr.ヴαndonlyifY(z;T)
α”d入＝入(r)sα"”thefollowingsystemofd撤形”αIequations:

{̂z;T)=Ciz;T)Y{z',TﾙTTî=ao,(13)dr

wher℃

C(*;r)-('半報茎(期'二鱒謝-*
‐‘_識萎眺『鋪上糾(豊_‘),）（"’

and8issome九〃c"onof丁αndindependentofz.

Fromtheintegrabilityconditions

筈-Ŝ B|-a-+KC-o
between(9),(11)and(13),weobtainthefollowingsystemofpartialdifferentialequations
forthecoefficientsofA(z)andA([9]):

芸=-2"，（'5）

響=-β‘"宗伽十β"‘宗(‘;-入)，（'6）

筈=-伽扇剛+β"I．(‘;-入1（'7）

=̂-2mai(3i-2âp{t)-2â2s{t;-入ル(18)
-̂=-27riaip2+2ao02+2â2p{t)+2âs{t¥入ル(19)
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7̂-=27r2ai7i+2aaip(t)+2ai'γ2s(*;A),
dt

=̂27r2ai72-2q;o72-2ai”β(t)-2ai7is(<;一入),
dt

，耐'釜=2α･’

27r̂=-(A7i+&72)川手伽裳(*;小伽裳(漁-入ル
，術等=伽釜州-伽釜(';一入ル

2爾等=2銅("一派i‘･)β‘+2α尚宗(t;-X)
＋α1β1(2"(入)－β'(*)'+*(*)),

2爾讐=2師#(α,-耐i")比-2αIβI芸(禽入）
－α1β2(2"(入)ーβM'+pM),

2緬警=-2師‘(α,-州)γ,-2"施芸州
一αi7i(2p(A)一βw'+pm

2爾'琴=-2師i(α‘-州)"半加,g(*;-A)
＋α,”(2p(入)－βM'+pM).

7

(20）

(21）

(22）

(23）

(24）

(25）

(26）

(27）

(28）

Proposition2.3.7ｿiesystemofpa戒α/differ℃､"α/equα"ons(15)-(28)isI或如"α"α”
bytﾉiechangeofthedependentvariables:

（入'動'百11β11β2171172）

=(入4-mrH-n,ao+miri,ai,/3i,ê "̂"γβ2,7i,e-**"ｱ”),

/b『αnym,n6Z.

Pr℃of.Bythedefinitionofs(z;A),thefollowingequalityholds:

s(z;入十mγ＋犯)＝e2派imz5(z;入)．

LetY(z)beafundamentalsystemofsolutionsto(9).Weset

■■■■■■

Y(z)=(匿芹‘旦諺）Y(z),

(29）

(30）

(31）
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thenwecaneasilycheckthatY(z)becomesafundamentalsystemofsolutionstothe
equation

芸(z)=A(z)Y(zル
where

叩=(熟璽器(頼典識)難説髄漁))，
bymakinguseof(30)andtherelation(29).Thetransformationoftheunknownfunctions
(31)hasnoeffectonthemonodromy.Therefore,ifY(z',t,r)isamonodromy-invariant
familyoffundamentalsolutions,soisY(z;t,r).

Remark2.3.Remα戒2.1andProposition2.3saythattﾉievariα"e入γunsovertheJacobi

Ua沌瑚ofEｧ．

3MPDofasecond-ordersingledifferentialequation
onarationalnodalcurve

LetCbearationalnodalcurve.AroundthedoublepointP,Cisdefinedlocallyanalyti-

callybyxiノ=0.ThedualizingsheafucisgeneratedbyOc{dx/x)atz≠OandOc{dy/y)
atiﾉ≠0,andwehaﾊ'etherelation(dx/x)+(cfaﾉ/!ﾉ)=0.LetCbeanormalizationofC,

whichisanon-singularrationalcurve,andwesupposethattwopoints{oo,0}onCare
mappedtothedoublepointPonC(seeFigure2).Sinceweneedtotakeacoordinate,

wepullbackallobjectsonCtoCandworkonC.Forexample,avectorbundleEon

Cisdefinedbyapair(E,l),whereEisavectorbundleonCandiisanisomorphism

betweenthefiberÊoover{00}andthefiberEqover{0}.Similarly,a(holomorphic)
connectiononEisdefinedbyaconnectiononEwhichhasregularsingularpointsonly
atooand0,andthesumofwhoseresiduematricesvanishes.

Inthissection,weshallgiveaformulationofanMPDofaFuchsiandifferential

equationontherationalnodalcurveC.Fromtheaboveconsideration,asecond-order

FuchsiandifferentialequationwithtworegularsingularitiesonCshouldbedefinedby
thatonCwithfourregularsingularpoints(namely0,ooandtheinverseimageofthe
prescribedtwosingularpoints),andthesumofwhoseexponentsatooand0isequalto
0.Hence,itisnaturalthatweconsiderthefollowinglineardifferentialequation:

where

s-鰯加

Q(x;t)=筆牛(鱈竺1)2+雇坐罪*鍾去〃

＋鯵(錦呈‘)-塁鱈(醤)譜〃

－

(32）

α1＋α2＋3/2

x(範－1)
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TheRiemannschemeoftheequation(32)reads

{韮測i測垂I 艇｝
Afc(*=l,2)

3

2

2

函
叶
吟Ｉ

１
－
ｆ
－
２

一
一

ｊ
ｊ

印
印

whereα＃＝(c：－1)/4(j＝0,1,2).Notethatthesumofthecharacteristicexponentsat
x=0andooequalszero.WemaketheassumptionsAl,A2,andA3on(32).

Remark3.1.Foreacﾉit(whichuﾉe卸α㎡αsadeformα"o測parameter),thed城だ”αj
equatio施伍即加sthreelocalparamete”α0,ai,a2andfiveglobalparamete汚入l)'̂2jり11り2.L.
mereexisttwo吻ebraicrelα"O汎5amongtheseparametersbytﾉieassumptionAl.The7℃‐

for℃tﾉieequatio孔伍2ﾉconm伽sessen"α"那加℃eindependentglobalparameters・me7℃αso測
切hyⅧelet(32ﾉca77y畑o叩pα形ntsinguIαrities,whileweputoneapparentsingularitiﾉ如
thestanda7'dMPDtheory(U,15]),shallbeexplainedlater(Remark3.2ﾉ．

Let<E(x)=((pi(x),932(2̂))beafundamentalsystemofsolutionsto(32),thenweneed
togiveadefinitionofthemonodromyrepresentationof̂(x)onC.Forthisaim,wetake

abasepoint60onCasasu田cientlylargepositiverealnumber.Let/iandI2beloopson
Cstartingfromthebasepoint60andturninganticlockwisearound1andtrespectively.

LetIqbealooponCstartingfrom60andturningclockwisearound00.LetIqbea
looponCstartingfromhn̂andturninganticlockwisearound0.Let/qobeapathonC
joining60andbn̂alongtherealaxisavoiding1intothedirectionofthelowerhalfplane.
Weremarkthatli,l2,lo,I'o,̂ooshouldbeconsideredloopsontherationalnodalcurveC,

particularly/qand/shouldbeidentifiedonC(seeFigure2).Wearegoingtoassign
matricesMjGSL{2,C)totheloops/j{i=0,1,2,oo)andILrespectively,satisfyingthe
relation

M-'Mo'MooMo=M1M2.(33)

Therelation(33)comesfromthehomotopyequivalencerelationamongthepathsonC:

’三・''51．I｡｡．k～h-k

(weshouldassignthesamematrixMqtothetwoloopsIqandIn).Fori=0,1,2,we
assigntheordinarymonodromymatrixof̂(x)alongtheloop/:

の̂'(x)=̂x)Mi,

wherê '̂(x)standsfortheanalyticcontinuationof$(x)alongtheloopZj.Inorderto
definethemonodromymatrixMqo,wetakeafundamentalsystemofsolutionsto(32)
arounda:=oowiththefollowingform:

①｡｡(鯵)＝(鯵(1+")/2A{x-'),x̂'-̂ /̂'f2{x-')),(34)

whereハ(x̂)andf2(x̂)areholomorphicinx̂andnevervanishatx=oo・Here
wetakebranchesofthemulti-valuedfunctionsx̂ "̂*"*̂)/̂andx̂ '̂̂ /̂̂arounda:=ooas

argx=0atX=60.Wetakeanotherfundamentalsystemofsolutionsaroundx=0with

thefollowingform:

①o{x)=(x̂'̂<=̂y'g,{x),x̂'-<̂･̂ '̂92{x)),(35)
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Figure2:LoopsonC.

wheregi{x)andg2{x)areholomorphicinxsuchthatgi{0)=/i(0),52(0)=/2(0).Here
wetakebranchesofthemulti-valuedfunctionsx̂ +̂'̂ Ẑ̂anda:̂ '̂*̂ /̂̂aroundx=0as

argx=0atX=60̂.WeintroduceamatrixCqoôGL{2,C)by

の｡｡(x)=*o(a;)Cooo, （36）

wheretheanalyticcontinuationof①｡｡(x)isdonealongZqo-And,letCeGL(2,C)
bethematrixdeterminedbytherelation$(x)=①｡｡(x)CthenwedefineMooby
Moo=C-̂CoooC・Thefollowingtwolemmasjustifyusindefiningthemonodromydatum
associatedwith$(x)bythesetofthematrices{Mo,Mi,M2,Moo}.

Lemma3､1．medefinitionofMoodoesnotdependontﾉiecﾉloiceoftﾉleん泥damental
solutionsの｡｡(z)α冗d̂o{x)aslongastheysα"吻仇econditionsgi{0)=fUO)andg2(0)=
/2(0).Hereweremα戒t“ttheconditionsgi{0)=/̂(O)(i=1,2)con℃spond加the
identificα"onbetweentﾉletwopointsooand0onC.

ProofWemakeanotherchoiceoffundamentalsolutionsのも｡(x)and̂o(x)suchthat

の/̂(̂)=M'+)/v;(x-'),x<'-)/V̂(x-')),

のi(x)=(x(̂+'̂)/Vi(:r),x(̂-'=o)/25i(x)),
andg[{0)=/f(0),5̂(0)=/̂(O).Thenのも｡(x)and̂o(x)arerelatedto｡｡｡(x)and̂o{x)
respectivelyby

①&｡(")＝①｡｡(x)Â'o{x)=Mx)D,

forsomematrixDGGL{2,C),sothatwehaN'eao0=D-̂CoooDandC=D-̂C.Hence
weobtain

C'-'C'C={C-'D)(D-'CoooD)(D-'C)=C-'CoooC.
□
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Lemma3.2．medeterm”α脇tofthematrixMoo*sequalto1,汎ameh/MooG5L(2,C).
AndMoosα"城estﾉierelα"on(33).

Proof.Firstlyweprovethefirstassertion.LetWoo(z)=Woo(andWq(x)=Wq)bethe
Wronskianofthefundamentalsolution｡｡｡(x)(and$o(x)respectively).Notethatthe
Wronskianofanyfundamentalsolutionto(32)isindependentofxbecausetheequation
(32)isofSL-type.Bytherelation(36),wehaveWoo=WodetCooo-Ontheotherhand,
by(34)and(35),wehave

Woo=HUoo)=co/i(0)/2(0)=co9i(0)92(0)=Wo(0)=Wo.

HenceweseethatdetMoo=detCooo=1-Nextweprovethesecondassertion.Wechase

theanalyticcontinuationof$(x)=の｡｡(x)Calongtheloopsstartingfrom60:

①Wx)=$(x)C-i（
gWl(l+Co) O

0e汀i(l-co))c=*(鯉川

。噌岬'-(x)=*(x)M-*C-*(*""q̂̂.̂)CMoo
＝｡(x)M-'M̂Moo,

①Wx)=<S>(x)Mi,

①k(x)=$(x)M2.

Thereforewecanconcludethatthemonodromymatricesdefinedheresatisfytherelation

(33)fromthehomotopyequivalencerelationamongtheloopsonC.

Remark3.2.IntﾉiestandardtheoryoftheMPDon]P*(C)¥{0,1,t,00},themonodromy
da虹misdefinedb¥ﾉthesetofmatrices

{ATo:=M-'MoMoo,N,:=Mi,̂:=M2,ﾉVoo=(N0N1N2)-'}

”j仇tﾉierelα"onN0N1N2N00=I.Asiswe〃k〃o測冗,thespaceofmonodromy形prese冗加一

tionsonP̂(Cハ{O,l,i,oo}伽"hfixedcharacteristicexponentsﾉistwo-dimensional.The
monodromydatum{Mq,Mi,M2,Moo}definedﾉje,℃“somemo形吻,℃eoffreedom(i.e.
indefinitenessofMooﾉt“ntﾉieordinarymonodromydatum{Nq,Ni,N2,Noo}-So抗attﾉle
spaceofourmonodromiﾉ7℃presentationsonC¥{l,t}isthree-dimensional,whichcoincides
witﾉj抗enumberoftﾉieglobalparameterscontainedintﾉied戦死ntialequation(32ﾉ.Zｿlis
isthereasoni"ﾉiyweconsidertﾉieFuchsianequα"o冗個2ﾉ切淋twoapparentsingularities.

〃･めeruﾉords,ifweconsidertheordinaryMPDof(32ﾉ伽脱ng{Nq,Ni,N2,Noo}as
itsmonodromydα”ﾉ,thetwoappai℃ntsingularitiesaddasupeγﾘuousdegreeq〃ｹ℃edom.
Wｾcannecessari〃陀血cethetwoapparentsinguIαrities加oneappα泥泥tsingularityi"鋤

keep畑仇emonodromi/matricesinvariant.（恥isproblemisstudiedinIshi加切α〃・ノ
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Weshallfindtheconditionforadmittingamonodromy-invariantfamilyofsolutions

totheequations(32).BytheassumptionAl,wehavethefollowingrelations:t(t-l)LA2(A2-1)772,2Ai-l"'-̂+A,(A,-1)(A,-1)ﾊl(寿竺誌聖人,)+入'(入'－1)伽，（37）t(t－1)t(t-l)LAi(Ai-1)7712A2-12入1－’
”;=川人,(入2-,)い,_州(差竺示幾両'(入2-1)”（38）whereweputt(t－，)L2入2－1whereweput

－α,－α2-3/23

〃F筆十ぃ芸1)2+Afc(Afc-l)+ぃ鵬竺*)2+4(Afc-Afc-n)2- （39）

Wedenotetherighthandsidesof(37)and(38)byZ4>k=1,2,respectively.Then
(37)and(38)arerewrittenasりI=Uk,k=1,2.Herewesummarizethesituation:we
considertadeformationparameterand入1,̂2,〃,,〃2,Ldependentvariables・Thereexist

twoalgebraicrelations(37),(38)among入,,入2,〃,,〃2,L.WeshouldliketoregardLas
aHamiltonianfunctionontheanalogyofthestandardMPDtheory.Butaproblemis

thatwedonothaveanycanonicalchoiceofrepresentationforL1乃'theotherparameters

入,,入2,り1,772.Inanycase,thefollowinglemmacanbeprovedbysimilardiscussionstothe

standardmonodromypreservingdeformation(see,forexample[15,41):

Lemma3.3.Let$(x;t)be｡/amilyoffundamentalsolutionsto(32).7ｿieordinary
mo"od,℃mymatrices{No,Ni,N2,Nqo}ofQix;t)α形如dependentoft〃α”don〃ヴthe7℃
eocisｵSarationalんnctionA(x;t)inxsuchthat

｛熱i恥聯繋州
Thesystem(40)iscα"edtheextendedsystem.

Theintegrabilityconditionof(40)yieldsadifferentialequationforA:

9x34Q̂2筈糾*-

(40）

(41）

WefindanexplicitformofA.

Lemma3､4.Foranyfixedt,A(x',t)hasthefollowingproperties:

(i)Itisholomorphicinxoutsidetheset{Ai,A2,00},

(虎)〃＝入脆(k=1,2)andx=ooa死polesofo㎡eratmostone,

(鋤〃＝0,1α'℃zerosoforderatleastone.

血αddition,themonodr℃mymati､ixMooisindependentoft,ザαndon〃ヴtﾉiefollowing
equalityholds:

limx"M(x;t)=limx"U(x;t).(42)
錘→。◎ 韮→0
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P7℃of.Thefirstassertioncanbeprovedinawaysimilartothestandardmonodromy
preservingdeformation.Soweproveonlythesecondassertion.Firstlyweassumethat

theextendedsystem(40)admitsamonodromy-invariantfamilyofsolutions$(x;i)inour
sense(namelyMqoisalsoinvariant).LetW(t)betheWronskianof$(x;i).Applying
Cramer'sformulatotheextendedsystem,wehavethefollowingrepresentationofA{x;t):

W{t)A{遡非det(̂蓑卿凱〉（"）
Ontheotherhand,wehave

①(x;t)=①｡｡{x;t)C{t)=̂o{x',t)Cooo{t)C{t)=̂oix;t)C{t)Moo-

NotingthatdetMoo=1,wehave

W{t)A{x;t)=det(,̂.oo{x',t)/dt)C{t)÷̂̂!o{x;t){dC{eputt))
①｡｡(x;Then,aroundx=oo,wehave)/鋤)cI‘)半｡｡(霧加CM‘)〕̂̂{x;t){dC{t)/dt))のo(麺;(x',t)C(t)eput=det((̂｡(‘.̂detC{,等=(:i::〉Then,aroundz＝CO,wehâi)j(C11C22-C12C21)"_(")/州半-fX̂"'"'=(CiiCi2-CiiCi2)①｡｡(釘;t)c(t）＝｡"((,総》鍬))｡“c(州｡‘(｡.､鮒州鋤）

-I-x(CiiC22-C11C22+C21C12"-icu)fi(x-';t)f2(x-';t),12-611C12)ハ("~';t)2＋"'~co(C21622-621C22)ん(釘~';t)2
＋Z(C11622_611C22＋C2vanish.Thereforewehave';t)’

BecauseA(〃;t)isW(t)¥imx-̂A(x;t)oefficientsc(0;t)612-61t))(cn-Ci2C2l)622-621c22m+(ciiC22-C11C22+C21C12-C2ici2)/i(0;0/2(0;t).Inasimilarway,wehave＝(ﾊ(M響塑-響塑仙‘))(‘W{t)limx-̂A{x;t)＋(C11b2=(9i{0;t)C22＋C252(0;i)V6-Ci2C2l))ハ(0;t)た(0;t)+(CllC22-C11C22+C21C12e2ici2)gi{0;t)g2(0;t).w(t)慨"－1A(”）‐(伽(M響塑-迦豊型"(M)(…-"‘"’
十(C11622-611C22＋C21612-b21C12)91(0;t)92(0;t)．
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塑製+("皿÷mu)gi(x;t)

=鐘一別(")(芋血(")+鰯蝶型)-;邑筈型‘‘("ル

迦禁十("蕊+"”("）

="-判(鱗り(竿"("'手職等且)-;響:塑鯉(")
Takethelimitz→ooin(47)and(48),thenwehave

a等)+鰯皿ﾊ(M=害ﾊ(0;t)limx-̂(x;)毎 → 0 0

and

S&M+n̂rp;*)-芸ﾊ(0;t)limx"U(x;i),at麺→oo

respectively.Takethelimitx→0in(49)and(50),thenweha凡'e

T+<皿+77lii)0i(O昨害5i(0;りlimx*A(x;t)韮一+0

and

p̂+(+m)fl,(0;t)=-害堕(0;t)limx"M(x;)
respectively.Notingtheequality(42)andfi(0;t)=gi(0;t)(i=1,2),weobtain

mn=771i2=77221=77122=0.

ItconcludesthatdMoo(t)/dt=0.

BythefirstassertionofLemma3.4,wehave

‘(")="諾:鰐号

15

(49）

(50）

□

(51）

whereM,a,6areindependentofx.Substitute(51)into(41)andcomparethecoefficients
oftheterm(懇一t)~3,thenweh”eA(#;t)＝-1.画omthisequalityand(42),wehave

z(砥－1ルー入lAaX*－入l)(t-入2)
A(x;t)=- （52）

（〃一入,ルー入2)t(t-l)(t一入lAa)'

Weput

Ĥ4S->>-g- (53）
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Lemma3.5.̂4(x)isexpanded伽apartialfractio沌asfollows:

州言向叢蕊"雲〃 (54）

恥減ﾉ167771o形,theequationA(x)=0isequivalenttouﾉ偽=0(m=l,2,3,4,fc=l,2).

ProqメNotethatthepolesof.A(x)areincludedin{0,1,t,oo,入i,A2}.Wecancheckthat
A(x)hasthefollowingproperties:

(i)Itisholomorphicatx=0,1,

(ii)x=tisapoleoforderatmost1,

(iii)x=Afc(k=1,2)arepolesoforderatmost4,

(iv)x=ooisazerooforderatleast2.

Thelemmafollowsfromtheseproperties.D

Lemma3.6.PutM=-志三雑煮K.WeexpandA(x;t)andQ(x;t)inL…ntseries
atx=Xk(k=1,2):

A(x;t)=M{蓋孝二M*'"(x-A,r,
3m

fc'>-4(r̂-響京+5Z%.(*-入帆
抑＝0

7℃spectively.7ｿienuﾉehave

îAi(Ai-l)(Ai－入1入̂)jtf2_̂2(̂2-1)(A2－入1入2)
入，一入2 入2－入，

M^=

M^=

(2入1-1)(入1－入1入2）入1(入1-1)(入2－入1入2）
入，一入2

(2入2-1)(入2－入1入2）
入2－入1

ー

■■■■■

（入1－入2)21

入2(入2-,)(入,－入,入2）

(入2－入,)2，

M^=
入,一入1入2（入:－2入1入2＋入2)(入2－入1入2）
入1－入2

入2－入1入2

■■■■■

（入'一人2)31

(入;－2入1入2＋入1)(入,一入,入2）
M^= 一

フ

(入2－入,)3入2－入1

フ (55）

(56）

(57）

(58）

(59）
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（60）
（入1－入2)4（入1－入2)3，

M̂=一入i(Ai-l)(Ai－入1A2)M> （61）
（入2－入1)4（入2－入1)3’

Uk*=Uk,*=1,2, （62）

伽=(犬)伽-而等可‘=岨（"）
伽""伽…総""‘…"伽．確繊"""(六)雌｡‘",‘"縦…‘‘
d城『℃ntiationofUkowi仇花spedtoAfc函α㎡畑theotﾉierletters(especiα"!/Lﾉascon-
stants.

ProoメWeproveonlytheequalities(62)and(63).Theotherequalitiesareobtainedby
directcomputations.BythedefinitionofQ(x;t),wehave

Q(x;t)-応呈扉十弐
＝窒半芯二IF半面竺炉+応呈扉-"表笥/2手確(告呈呈〃

”(砦)幾2)+釜三も恥-孟竺孟恥
Thereforewehave

Wi,o=(Q{x;t)-砺圭ァ占止=Wi,
and

〃“=(̂>-妬ﾆﾇｧ半占止､
＝(云)""-㎡言ア

ロ

Substitutetheseexpansionsinto(53),thenweseethattheconditionwi=0implies

-"[>"’順-M**'. （64）

Theconditionwl=0implies

=̂m[m騰蜘+M̂r)k-̂M̂.(65)
Theconditionswl=0,wi=0aredependentonthenon-logarithmicconditions(37),(38)
andyieldnomorenewrelation.
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Theorem3.1.恥加duceaん伽ctionL(Xk,り'*,*)o/Ajfc,恥andtby

2

(入晦,77*,o=My;(M聡りI-M*'恥一M聡Uk),
k＝1

(66）

切航chisobtainedfrom(37)×M̂+(38)×M*.ThentheMPDoftheFucﾉisianequation
(32)ontﾉierationalnodaIcunノeCisgovernedby仇eﾉAllowingHamiltoniansystemw〃ﾉｶ
仇e恥miltonianん”c"onL=L(Ajfc,り'*,*).

｛
鉱
一
魁
恥

一
一
一
一

塗
“
鉦
批

(67）

切赫ﾉiaconstraint

-(Â二器,三八2)M‘－1)い,-‘)("f-vJ-入図い2-l)(A2-り("1-V2)],(68)
whereweputVk=Iｲﾙー｡o/A,k=1,2.Herewei℃､α戒仇attheconstraint(68ﾉis
obtainedbyelim伽α"ngLfrom極りαnd(38ﾉ．

P7℃of.Wedenotetherighthandsideof(68)byao(入侭,りk,t).Thentheconstraint(68)
iswrittenasOq=ao(入Jh恥,t).Weprovethatthedifferentialequation(67)underthe
expression(66)ofLcoincideswiththeequations(64)and(65).NotingthatM,M*and
M*'areindependentofりk,wehaﾊﾉe

Mfrffc-*)=um"恥-M*').
aりん

Sothefirstequationin(67)coincideswith(64).Weha八'eonlytoprovethattheequality
(65)coincideswiththesecondequationin(67)undertherelationsL=L(Xk,〃k,t)and
ao=ao(Xk,Tik,t).Differentiating(37)and(38)withrespectto入i,weha八'e

0-(基)川
t(t-I)dL1dao

－＋－－

入,(入,－1)(入,－t)6入，入36入，
(69）

and

t(t-1)dL(2入1-1)り，
0=凧告示+入,(入2-,)(入2-‘)6入,入，(入2-,)(入2-入,)

A2(A2-l)(A2-Ai)2+Al0Ai'

respectively.Eliminatingdav/d入ifrom(69)and(70),wehave

‐幣竺="{"伽+M皐恥_3冊擢］
Hencewecanobtainthedesiredcoincidence.

(70）

□
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Remark3.3.Sincetﾉieconstraint(68ﾉ“sbeenderivedfromｵﾉienon-logaritﾉimiccondi-
tions,itisobviousthat(卿加"salongthemonodromypreservingdeformα"o犯q〃”ﾉ．
恥九ct,wecanprovestraightforuja7̂dlythatao(入臆,7)k,t)isconstantalonganysol剛"071of
thediffer℃ntialequation(6りbycompu"”9

釜"い蝿,%,*)

‐誓い崎榊幸吉(総ぃ織榊鵜総(Ajfc,77fc,i)j=0.
Remark3.4．Wｾ泥owconsidertheHamiltoniansystem(6りf"〃ﾉﾙouttﾉiecons加如t/b癖
gettingitsderi砂α"o冗伽mtheMPD.SincetheHamiltonianLi入脆,りk,t)doesnotconta如
theparametera0(aoiseliminatedintﾉieprocessof(37)×Ml-h(38)×M2ﾉ,M入脆,りk,t)
givesαβ応tintegralofthesystem価り.血tﾉlispict泌花,wes加剛脇吋ardaoasaんnc"o”

qf肋e吻namical〃α"αbles伽taparameter).Weshallseethatthisviewpointisnatural
(Remα戒ｲ.1andCoro"α剛5.1ﾉ．

4DegenerationofellipticcurvesandMPDonara-
tionalnodalcurve

Wesetq=ê"".WeidentifythecomplextorusErwithC*/<q>viathemapping
zh-)-x=ê",where<q>denotesthemultiplicativegroupgeneratedbyq・Weshall
considertotakethelimitq→0.Weusethefollowingformulasinlatercalculations:the

ellipticfunctions3(2;w)andp(z)convergeto

，に;"'→減(祭主祭芸-祭主+帯妻蓋圭+)，（71）

，(翼)→僻((<*筈竺炉堵),(72)
asq→0,respectively.Inwhatfollows,byabuseofnotation,wedenoteê*入*andê諏詑
bythesymbolsA*andtrespectively.Sincethedifferentialequation(1)containsthe
parameterqinitscoefficients,wecantakethelimitq→0,then(1)convergesto

裳+器+{一筆-雇竺7石空F砺去可冒-IFヌァ
÷筈痔ど+惹鼎二万(芋-糸）

壱製織芸北}(約六ルー，側
where

〃

60＝『扇冒十
α,＋α2＋3/2

12 寺景岩-言崇砦 (74）
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Ontheotherhand,wecantakethelimitoftheHamiltonian(3)asq→0:

H＝M1"f－"2+iV(/*i+/i2)-Ai+A2], (75）

with

M→(蒜当荒当芸示等A2-t)

〃→減(織寺(入竺)誤り)，

△偽→〃riSr緩券+望苦竺半譜&アナ3-
Then,theHamiltoniansystem(6)convergestothefollowingsystemofdifferentialequa-
tions:

等一手黒筈-*.*-1.*m
Theequation(73)istransformedintoadifferentialequationofthetype(32)bythechange
oftheunknownfunctionw=勿一Wtp.Thenthecorrespondencebetweenthecoefficients
ofthetwodifferentialequations(73)and(32)arewrittenasfollows:

‘,=6,-:，（77）
叱
一
が
３
｜
仇

十

Ｈ
一
獅
峰

、
人汀

Ｌ
一
一

り

ｊ
ｊ
８
９
７
７
く
く

Proposition4.1.Thechangeofvariables(78),(79)takethed城’℃ntialsystem(76)into
theHamiltoniansystem(67)withtﾉieHamiltonianん”ctionL(入fcj恥,t).Inotheruﾉords,
仇e比､"わmansystem(6)becomestheHam測加mansystem缶り"tﾉielimitq→0.

Pr℃of.Itcanbecheckeddirectly. □

Remark4.1.From例ﾉα泥d(7り,ﾉeseethatthe"αriable〃伽倒fseealso〃ﾉﾉesse抑一
〃α"ｼ”血cestothecharacteristicexponentoq伽仇e〃m舵9－＞0．I7Bthjsco泥tezt，〃is

泥α加ralthataoisconsider℃dαん泥c"0泥ofthedy泥amicalva両α"es.Wecangeometricα"y

interpr℃tthisfactasfollows.Theva河α"e〃o冗α冗on-singularellipticcurvehasglobal
”αtur℃,namelyweca沌冗otdescribeitexplicitlyintermsofthelocaldata.But,intﾉie

"mitofq→0,itbecomestﾉiecharacteristicexponentasa泥suitofvanishingofoneof

ｫﾉiebasicperiods.
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5MPDofasystemoflineardifferentialequationson
arationalnodalcurve

Inthissection,weformulateanMPDofarank-twosystemofFuchsiandifferentialequa-

tionsontherationalnodalcurveCandwederiveasystemofdifferentialequationsthat

governstheMPDonC(Theorem5.1).ThenwesolveitbyrelatingourMPDtheory
onCtothestandardMPDtheoryonC(Theorem5.2).WealsoshowthattheHamil-
toniansystem(67)inSection3isgenericallyequivalenttotheMPDsystemderivedin
thissection(Theorem5.3).Promtheseresults,wecanconcludethattheHamiltonian
systeminSection3issolvedintermsofaPv/-functionandar-quotientassociatedwith

it.ItisknownthatthesixthPainleveequationcanbewrittenasaHamiltoniansystem.
Weobservethatwemayregardthecharacteristicexponentatthedoublepointonthe

rationalnodalcurveasadynamicalvariable・Andweshowthatther-quotientshould

beessentiallyacanonicallyconjugatevariabletothecharacteristicexponent(Corollary
5､1)．

Firstofall,werecallthestandardMPDtheoryonC=P̂(C)withfourregular
singularpoints{0,l,t,oo}:consider

^^P{x;t)Z,(80)
dz

where

P(")=響十島十島，（81）

=̂U4>-叩2
andassumethat

峠-Po-P.-A=("'2/淵2)。（82）
‐溝-",=一手'=0,1,2,（83）

forsomeconstantsCo,Ci,C2.WetakeafundamentalsystemofsolutionsZ(x)normalized
atthebasepoint60:

Z{x)={I+0(x"̂))a;̂arounda:=oo

=K,(I-¥-0("－1))("－l)̂'Ciaroundx=1

=K2(I+0("－m"一t)乃C2aroundx=t

=Koil+0(x))x'̂ Coarounda;=0,(84)

whereTi=(̂̂ _̂̂,̂j,i=0,1,2andth…伽｡｡｡"…･nofZ{x)…。
alongthesamepathsasinSection3・Wedefinethemonodromydatumassociatedwith

Z(x)bythefollowingsetofmatrices:

{Aroo=e-2'̂̂ ,̂iVi=CrV̂ゾー､q}f_",ッ（85）
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Wenotethatthesematricesaresubjecttotheuniquerelation

Ⅳ函ⅣbjWV2＝I． (86）

Thefollowingfactiswell-known:

Proposition5.1(Jimbo-Miwa戸Ueno[5]).LetZ(x;t)beα血､"9of九伽damentalsolutions
to(80).Thenthemonodromi/dα加massociatedwithZ(x',t)isindependentoft,〃α“
o"〃ヴｫﾉiecoefficients{Pi}i=o,i,2sα"吻仇e/bllouﾉmgsystemofdifferentialequations,
uﾉ航cﾉiiscα"edtheSchlesingersystem:

｛装雛|_古[Pa,Pi].
Moreover,iftﾉieconnectionmatrixCoisalsoindependentoft,tﾉienKqin伽ﾉsatisfies
thefollowingd坊ｾ肥冗"αIequα"o伽：

等=e,恥（88）
⑩ﾉiere60=jiV

Remark5.1.Whilethemonodromydatum{Nqo,ATq,iVi,Â}isa冗如variantoftheFucん‐
sianequatio冗伽ﾉ,theconnectionmatrixCoisnotan如砂α7､iantof(80ﾉ〃s〃Zｿiecon-
nectionmatrixCodependsonchoiceoftﾉiegaugematrixKqatx=0．The7己fo花切e

cannotdetermineCq秘伽叫elyeve剛縦ﾉiesolutionZ(x)isnormα"zed.Thisγ℃､α戒is
esse冗凋α/toourformulation.

Weintroducether-functionassociatedwithasolution{Pq,Pi,P2}to(87)by

釜1．州=耐(学半島)脇
Proposition5.2(Jimbo-Miwa[6]).Zｿiecomponents(Ko)ab(a,bG{1,2})oftﾉiesol側"o泥
matrixKqto(88)conbewrittenintermsofr-quotientsassociatedwith{Pq,Pi,P2}'

(tfoU=cons*,q<̂̂;Pq,Pi,P2>,

"…{害;Po,Pi,P2J=t|̂j/r,<mdrĵ̂lstands伽縦型…‐
…側"畑…伽"州"『伽柳‘{害!}州伽"･御

NotingthatKq̂PqKq=TqanddetKq=1,wehavethefollowingexpressionofKq:

Ko=( k

-Qo¥pq一号)k
-goMO*

(cok)->(po+f)） (89）
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and

権"州ÎJ;Po,Pi,P2}.(90)
WearenowgoingtogiveaformulationofMPDofasystemofdifferentialequations

onCwithregularsingularpoints{1,0.AswasexplainedinSection3,amonodromy
representationonCconsistsofasetofmatrices｛M6.,Mb,M1,雌ESL(2,C)｝witha
uniquerelation,whichshouldbeapurelytopologicalobject.Sincethedegreeoffreedom
ofmonodromyrepresentationsonCisgreaterthanthatonC,wehavetoaddanextra

parametertothedifferentialsystem(80).ForAGC*,weconsiderthefollowingsystem
ofdifferentialequations:

=̂A.(x;t)y(x).A(x;t)=̂+-41-H--̂.(91)

……effici…"…natri…－(灘,)職i‘hd“=-靴
(j＝0,1,2),andassumethat,fbrAoo:＝－Ao－A1－A2,AooandAohayetherelation

岬(Vl)̂ (tA-0=。(92)
NotethatAooisnotdiagonalizedingeneral.

Remark5.2.Weexplai側ageometricmea側畑of仰ﾉα“⑲2ﾉ．Wed峨側eα郷on-triUiaj
mn卜如ovectorbundleE入ontherationalnodalcunﾉeCparameter､izedbiﾉ入eC"intﾉle

/'ollowingmanner:WetαﾊethetrivialbundleE=C"̂onC,anddefineanisomorphism
L入伽mEoo=C2加凡=C-'by

“(#二)E恥(:;)害(;州,‘)(:1二)‘島
me泥wedefineE入by仇epair(E,l入)(seetheb邪冗冗畑ofSection3ﾉ．med城7℃”"αJ
system(91)naturallyinducesaconnectiononE入.Them迦吻"cativegroupC*over切賊cﾉ’
入runsmaybeide冗雌edwiththegeneralizedJacobianofC(cf.Remα戒2.3ﾉ．

LetGeSL{2,C)bea……州ooG-l"J/淵J.Wen･tethat
suchamatrixGisdetermineduptomultiplicationfromtherightbydiagonalmatrices.

Thenweha凡'eafundamentalsolutiontothesystem(91)withthefollowingform:

Y(x)=Gil+0(x-M)x̂''aroundrr=oo （93）

=GiiI-¥-Oi釘－l))(a;-l)乃Ciaroundx=I

=G2{I+0{〃一m"－i)̂ Ĉ2aroundx=t

=(0A-')̂(̂+̂(̂̂'"鵬…態=0,
wheretheanalyticcontinuationofYix)isdonealongthesamepathsasinSection3.
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Definition5.1．Wedefinethemonodromydα加massociatedwitﾉｶ仇eんndamentalsolu-

tionYix)bythesetofmatrices

｛M6.,Mb＝e2祁乃,MルーC傭'e2爾趣CMk＝1,2)}・

Wecancheckthatthesematricessα"吻仇erelation

M畠̂Mq̂MooMq=MlM2

伽αsim"αγf"αyinSection3.Hereuﾉeremα戒t“tthematrixMooisuniquelydeter．mined

6”ﾉiesolutionYix)(cf.Remα戒5.1ﾉ．

Proposition5.3.LetYix;t)beα九milyofんndamentalsolutionsto(91).7ｿlemon-
odromydatumassociatedwithYix;t)isindependentoft,ヴαndonlyifYix;t)and
入=Xit)satisjｼ仇efollowingsystemofdiffer℃抑"α/equations:

{̂x;t)=B{x;t)Y{x;tﾙ釜=芋入(94)
uﾉher℃

即ﾙー舎幸(急含）
andissome九泥ctionoftandindependentofx・恥eindeterminatenessofecomes伽m
ambiguityofthenor,mα"zα"0汎qfG

Pr℃ofFirstlyweassumethatthemonodromymatricesMoo,Mo,Mi,M2areindependent

oft.Bytheassumption,wecanassumethatCiandC2arealsoindependentoftby
suitablyretakingG¥andG2respectively.PutB{x;t):=idYix;t)Idt)Yix;t)~̂,thenwe
immediatelyseethatBix;t)isasingle-valuedfunctionofx.WeinvestigatebehaN'iorsof
Bix;t)ateachsingularpoint.Arounda;=oo,weha凡'e

β("咋誓G-̂-HO(x-i).
Insimilarways,weseethatBix;t)isholomorphicinxata;=1andhasapoleatx=i.

wheretheprincipalpartisgivenby－会.Aroundx=0,wehave

*:.)-*r-I.-.HJﾊMf-'(Vn-(鰯l
Inparticular,Bix;t)isholomorphicinxatx=0,fromwhichwehave

-(̂̂')=-;̂-f-'
and

I■■■■■

－

**-$+%<**

(簿~'_熱-‘)非(;八-0f-'(刑） (95）
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Put

fr'-iLZ)'
thenwehaNﾉethefollowingequationsfrom(95):

。 入α2β2入2'γ2

研"T'̂~tôTy"**-t(T=スォ

Inordertoprovetheinverseassertion,itisenoughtotracetheabove

theoppositedirection.

25

discussionin

□

Theorem5.1.Afamilyoftﾉied鰯も7℃冗揃αIsystems

(̂x;t)=A,(x;t)Y(x;t) （96）

admitsamonodromiﾉー知りα"α泥t血milyofんndame冗加/solutions,〃αndo伽が仇ecoefifi-

cientsofA入ix;t)sα"wtﾉiefollowingsystemofd〃ｾ7℃冗加/equations:

｜謝署蝋小M （97）

wher℃⑩eput

，言(為脅)
ProoメItisobtainedfromtheintegrabilityconditionbetween(94)and(96)．□

Inordertosolvethedifferentialsystem(97),werelateourMPDtheoryonthera-
tionalnodalcurveCtothestandardMPDtheoryonC.Foramonodromy-invariant

fundamentalsolutionYix;t)to(96),put

Z(x;t)=G-*Yix;t),

thenZix;t)satisfiesthedifferentialsystem(80).

Theorem5.2.Forasolution{Aq,Ai,A2,X}to(97),put

Pi=G－*A-G,i=0,l,2,

(98）

and

*=̂(0A-*)̂
then{Pq,Pi,P2,-Ko}becomesasolution加抗ed雛形ntialequations街り｡脇｡お8ﾉ.Cひル
versely,wecanr℃produceasoﾉ秘"on{Aq,Ai,A2,X}to(97)fromasolution{Pq,Pi,P2,-Ko}
加伍りα“街8ﾉ．
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Pr℃of.Thefirstassertionisobviousbecausethegaugetransformation(98)hasnoeffecton
themonodromymatrices・Givenasolution{Pq,Pi,P2,Kq},thesolution{Aq,Ai,A2,X}
isreproducedasfollows.Let入beasolutiontothequadraticequationforA:

A2-(trtfo)A+l=0

(……distinguishAfr｡m八Mng…肌omth……*=<KoAV
anddetG=1,wecanexpressGintermsofthecomponentsofKq.WecanrecoverA

(i=0,1,2)byAi=GPiG-¥

WeinvestigatearelationshipbetweentheHamiltoniansystem(67)andthedifferential
system(97).

Proposition5.4.Fora伽ensoI秘"on{Aq,Ai,A2,X}to(97),"keanassociatedmonodromy-

噸"…‘紬緬""""州"‘'=(郷)：

｛滋錨柵
LetAi,A2betwodistinctsolutions加tﾉiefollowingquadraticequα"o刀/bγ〃：

入2β51〃(〃－1ルーt)A入(x;t)i2=x*－入2(f＋1＋(tβ,＋β2)β5*)x+t入2
＝("一入,)(z一入2)＝0．

Then,(99)isequivalenttotheextendedsystem

{熱i蝿灘鰯_淵璽加("ル
”"ん

‘(")=-潟給斜三完些三芳
6”ﾉiec向α泥geoftﾉle秘冗ﾙ”o切冗ん”ctions

の(”)＝鰯'/2(鯵一')'/2(Z一*)"(鰯一入.)-""(*-入2)-'/2(9{'),zﾉ(2)）

Proof.Wecaneasilyseethat

Q(x;t)=j+An-34̂̂11+̂,12̂,21+̂.n
andAix;t)=Bix;t)i2/A入(x;fju,where

ノーお1/2(範－1)1/2("一*)"(z一入.)-'"(*一入2)－1/2，

(99）

(100）
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and'standsforthedifferentiationwithrespecttoz．Ontheotherhand,wehave

』入(")噸=筈(剖満)，
02{x-t¥*)Mz一入lAa)

B(〃;t)'2＝t(入2-1ルーt)it－入,入2ルーty
β2（オー入l)(*一入2)

Potit-1)入2

Henceweobtain

A(x;t)=-鵜器三斜三完些斜
□

Theorem5.3.TheHamiltoniansystem(67)andtﾉiei鮒ｾrentialsystem(97)α『℃equiv-
alenttoeacﾉIotﾉierbythefollouﾉ伽ocon℃spondencebetweentﾉiedepende冗加ariables:for

asolution{Aq,Ai,A2,入}tothesystem(97),weset

Ai+A2=A'(t+l+(*A+/m-i),
入1A2=tx,

α’+'/2斗芸当2+α響,い‘一入2)，
1

り1＝
入，

“半'ﾉ2寺鴇2+α鍔，,ぃ響_入‘)，
1

〃2＝
入2

‘=;(．｡+"ﾅｮﾅ州oA2))+ĵ(l+tr(AiA2))-・芸寿2a2+1/2
1

t－入2，

仇e”(入1,入2,り1,り2)satisfiesthesystem(67)andLcoincidesuﾉ鋤抗eHamiltonianof(67)
asαん仰c加偲oft.Conve7窓ely,forasolution(Ai,A2,り1,り2)to(67),weset

β1 *(入i-1)(A2-1)

(<-l)AiA2'

(*一入l)(*一入2)

比
＆
｜
的

一
一

(t-l)Ai入2

入,入2

α0＝(入1－入2)(入1入̂((A.-l)(入'一伽1－(Aa-1)(A2-伽2),

-̂≦伶三)砦(云呈few伽ハ
"=-…=(妻－．航‘,’=0,,,2
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A=(r̂Ai入)"*,

whereweput

１
｜
抄
１
｜
峰

一
十

１
｜
い
１
－
Ｍ

十
十

１
｜
Ｍ
１
一
Ｍ

十
十

１
｜
刺
１
｜
地

一
一

一
一
一
一

then{Ao,Ai,A2,X}satisfies(97).

Proof.Thetimeevolutionofthesolution{Aq,Ai,A2,X}(and{Ai,A2,り1,り2})isdeter-
minedbytheintegrabilityconditionofthesystem(99)(and(100)respectively).However
thesystems(99)and(100)areequivalenttoeachotheraswasprovedinProposition
5 ､4．□

PuttingTheorem5.2andTheorem5.3together,wecanconcludethattheHamiltonian

system(67)issolvedintermsofsolutionsto(87)and(88),namelyaPv/-ftmctionand
ther-quotientassociatedwithit.(NotethattheSchlesingersystem(87)isequivalent
toPi,ﾙ)ItisknownthatthesixthPainleveequationcanbewrittenasaHamiltonian
system:put

Hyi=雨些可仙-1ルル’
-co!ノ-mノーt)+ciiﾉ(Iノー*)+(C2-l)lﾉ(Iノー1))*

+(co+且苦望)(̂p-l)(v-t)+c･(C2-l)(i-l)},
thenPyjisequivalenttotheHamiltoniansystem

｛ 拳 毒川
Weha凡eseenthatwemayconsiderthecharacteristicexponentatthedoublepointa
functionofthedynamicalvariables.Inthatcase,weaskaquestion:"Canwefinda

HamiltoniansystemextendingtheHyisystem(101)insuchawaythattheobtained
systemisequivalenttotheHamiltoniansystem(67)?"Weshallgiveapartialanswer
tothisquestion(Theword"partial"meansthatweshallprovetheequivalenceonlyas

differentialequationsnotasHamiltoniansystems.):

Corollary5.1.FortheHam"加畑α泥血冗ctionHyi,weconsiderthe/"ollouﾉ"gHamilto刃jα泥

systemwithcanonicalvariα"es(iﾉ,60,z,Cq)(whereboisacycliccoo耐如αtea冗dweregα”
助asαcα”onica肋｡河α"ethoughitisaparameterinthestα冗dardtheoryﾉ：

'('示当ﾃ‘)(2厨-号-台-鍔）
ｗＨ

ａ

ａ吻
一
伽 (102）

一
一

1
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‘“‘詩'‘(古){(-3,2+川加-‘)蟹．＝＝

dt

＋((21ノーl-t)co+(2y-t)ci+(2iノー1)(C2"1))Z

＋("十竿*)<̂-1)},

(103）

等-筈=雨些可{-(,－1ルリ”（'"）
+(̂Ĵ-l)(*-t)+(<*-1)(-l)}.

型＝－2些竺＝0． （105）
dtdbo

zｿientﾉiesystemofdiffer℃""αIequations(102ﾉー仰句isequivalenttothesystem(67ﾉ.伽

"'”‘｡…edbybo=1．g(y-ifa<*/2ﾙwhe潅脆=…“{"'}
Proof.AccordingtoAppendixCin[6],thedependentvariablesy,zoftheHyisystem
arerelatedtothoseoftheSchlesingersystem(87)asfollows:

叶い磯）
Pl=い蝿，
昨い総）

１
１
１

２
２
２

ノ
１
１

如
吻
殉
ｑ
魂
の

秘
一
Ｕ
’
ｗ
一

一
劾
一
麹
一
靴

一
一
一

where

Xitノー*)

,=-浩呉"=‘(‘_恥，
狗
両

秘

麺=蓋{”－1)(，-り身曾十("('-i)+"('－1）
-(ci+C2)(y-l)(y-t))z+̂+/*)¥y-t-1)-半(…‘)}，

墓‘=-桜与孟{y(y-1ルリ量*+((cd+Ci川州C2(y-1)
-(ci+C4)(y-l)(tf-t))5+竺望-(-*)

‐半(…1－半("寺学)}，
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易‘=蒜三;扇{'('－1ル‘)蒙半("('-‘刑…)('－1）
-(ci+c2)(y-l)(y-t))z+堕吾望追(y-i)

‐半(…鰯1－‘半("半半)}，
Cq CiC2

Z＝ Z － －－－－－

yy-i2ノーt

andXisanoverallparameter.(Notethatthenotationsin[6]differfromours.)By

(88)and(89↓……tk=…"{判}“…1solutiontothed…”
equation

芸=;(,,-差(,｡-号')ル
ー;(z‘+吾一等)俺

＝{('栽ﾃH-T-̂i-̂y
(Cl+Cj,)("－*)

2t(t-1)

Asisexplainedabove,wehavethefollowingcorrespondence

!ノー!/(入,,入2,り,,地,t)，

Z=ziXi,X2,り1,〃2,<),

co=(l+4ao)̂=co(Ai,入2,り1,〃2,t)，
k=kiXi,X2,叩1,叩2,t)

(106）

寺妻}“

suchthat,givenasolution入備M.りk(t){k=1,2)tothesystem(67),iﾉ(*)=Iﾉ(A*(t),りk(t),t),z(t)=
(入脆(*).りk(t),t)satisfytheequations(102)and(103),CqU)=coiXkit),〃k{t),t)isconstant
withrespecttotandk(t)=k(入脆{t),r)k(t),t)satisfiesthedifferentialequation(106)with
y=y{t),z=z(t),andviceversa.Inordertoprovethestatement,wehaveonlytoverify
that60=log(y*k#*t*)satisfiesthedifferentialequation(104).Howeverwehave

差'｡g(y-'kt̂)=AT*芸--M
雨当可{-('－1ルル+(･芋－1川州C2-l)it-l)}

from(106)and(102),whichcoincideswith(104).
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