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   Abstract 

The Anderson-Grüneisen (AG) parameter carries information on the anharmonicity of the atomic 
vibrations of the materials. Therefore, its study is expected to provide useful insights to understand 
the ion transport properties in solids.  However, few attentions on the AG parameter of ionic 
conductors have been paid till now. In the present paper, a comparative study on the temperature 
dependence of the AG parameter in superionic materials and other crystals is presented. It is shown 
that the AG parameter of superionic materials exhibit anomalously large temperature dependencies. 
The relations of this finding with the materials properties of ionic conductors are briefly discussed. 
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1. Introduction 
 

The properties of binary compounds have been studied by many researchers. However, concerning 
silver halides, their properties, in particular those properties related to solid electrolytes are not yet 
sufficiently understood. For instance, the lattice dynamical properties of silver halides are quite 
different from those of alkali halides. Among these, we can mention the low melting point, the large 
dielectric constants, the large cation Frenkel defects and the high ionic conductivities that the silver 
halides exhibit when compared to alkali halides [1]. Some alkaline-earth difluorides exhibit also 
superionic conduction. That is, a high ionic conductivity comparable to those observed in molten 
salts. In fluoride superionic conductors, it is believed that the high ionic conductivity is governed by 
the high concentration of lattice defects [2]. On the other hand, there are models that argue that the 
peculiar behaviors of superionic conductors are related to the bonding nature of the compounds [3,4]. 
That is, despite the large number of studies that has been done, no consensus exits concerning the 
mechanism of superionic transport. In order to understand the mechanism of superionic transport, 
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extensive studies on different properties are necessary. In the following, a study on the Anderson-
Grüneisen parameter is reported. 

In an attempt to improve the equation for the Young modulus [5], Anderson introduced a 
parameter δ, which now is known as the Anderson-Grüneisen parameter (AG parameter) [6]. This 
parameter has provided an important tool for investigating the temperature dependence of the bulk 
modulus and other elastic properties of solids [7-13]. Usually, the AG parameter is assumed to take a 
constant or a weak temperature dependent value for a given material. Indeed, for typical ionic 
crystals, such as alkali halides, the AG parameter is constant over a wide range of temperatures 
[14,15]. In the past, some researchers have studied the temperature dependence of the AG parameter 
[16-19]. However, concerning ionic conductors, only few studies have been done [20]. The study of 
AG parameter of ionic conductors is of particular interest, because the ionic conduction is related to 
the anharmonicity of lattice vibrations. 

In the present paper, a comparative study on the temperature dependence of the AG parameter in 
superionic materials and other crystals is presented. It is shown that the AG parameter of superionic 
materials exhibit an unusual large temperature dependence. The implication of this behavior in the 
understanding of the mechanism of superionic transport is briefly discussed. 
 
 
2. Anderson-Grüneisen parameter 

 
The Anderson-Grüneisen parameter is used widely in the discussion of elastic properties of solids. 

It is defined as [6] 
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where α is the thermal expansion coefficient and K is the bulk modulus. This equation was originally 
derived by Grüneisen [21] on the basis of the Mie-Grüneisen equation of state, 
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where γ is the Grüneisen parameter, E is the vibration contribution to the energy and φ is the 
interatomic potential. 

In cubic crystals, the bulk modulus is given by 
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where Cij is the elastic stiffness constant. In cubic crystals, there are three independent elastic 
constants, C11, C12 and C44. These elastic constants describe the longitudinal, transverse and shear 
stiffness, respectively. Since the bulk modulus is related intimately with the cohesive energy and 
interatomic interaction of the materials, the studies of elastic constants provide a tool to obtain these 
quantities. 
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According to the expression of elastic constant given by Varshni [22], the temperature dependence 
of the elastic constant is given generally by the following formula, 

,ij bTaC −≈                                                                                                                                  (4) 

where a and b are constants. As the temperature increases, the lattice vibration is damped, and the 
values of the elastic constant decreases. The degree of decrease is given by the temperature 
derivative of the elastic constant, that is, it is related with the AG parameter. Since the AG parameter 
contains information on the anharmonicity of the lattice vibration of the materials, it will be 
interesting to study how this parameter evolves with the increase of temperature. In particular, the 
relation with the superionic transport is of special interest. 

In the past study, Tallon [23] showed that Eq. (1) can be generalized as  

,1
M

PT
M

M 








∂

∂
−=

α
δ

                                                                                                                           
(5)

 

where M is any of the elastic moduli such as bulk modulus and elastic constants. Based on this 
observation and the definition given in Eq. (1), the AG parameter can be evaluated using the 
following expression, 
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Here δij denotes the AG parameter associated with each elastic constant Cij. The definition of δij 
enables us to consider the anisotropy of the AG parameter. 
 
 
3. Results and discussion 

 
The temperature dependence of the AG parameter of various materials such as alkali halides, silver 

halides, oxides, fluorides, metals, etc. have been evaluated based on Eqs. (1), (3) and (6). The results 
are shown in Fig. 1. The elastic constants and the thermal expansion coefficients used in the 
evaluation have been obtained from various sources listed in the caption of the figure. From Fig. 1, 
we can see that the AG parameters of LiF, NaCl, KCl, KBr, MgO, CaO, Al2O3, Mg2SiO4, KCN, AlN, 
Si3N4, Ag and Al are almost constant or weakly temperature dependent as usually assumed [37-39]. 
Concerning the ionic conducting materials, AgCl, AgBr, PbF2, CaF2, SrF2 and BaF2, large 
temperature dependences in the high temperature region are observed. We can recognize clearly that 
the behavior exhibited by AgCl and AgBr are sufficiently anomalous when compared with those of 
alkali halides, compounds that have the same crystal structure. The large difference arises from the 
high defect concentration that the Ag halides have. The high defect concentration also influences the 
ionic conductivity. Measurement [40] indicates that the ionic conductivity of AgBr starts to increase 
abruptly at around 500K (which corresponds to T/Tm = 0.7), analogously to the case of AG 
parameter. 
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In PbF2, CaF2, BaF2 and AgBr, peaks at high temperatures are observed in Fig. 1. However, 
caution is needed in the interpretation of these peaks. The small upward peak in BaF2 and downward 
peak in CaF2 arise from the different relative contributions of temperature derivatives of C11, C12 and 
thermal expansion coefficient. In the case of these fluorides, when the temperature dependence of 
C11 dominates, the AG curve shows an upward peak. On the other hand, when the temperature 
dependences of C12 and thermal expansion coefficient dominate, the AG curve shows a downward 
curve. The large peak around T/Tm = 0.6 observed in PbF2 is related to the transition to the 
superionic state. That is, it is ascribed to the large increase of the defect concentration and its 
saturation at high temperature. The peak observed in AgBr arises from thermal expansion coefficient 
which exhibit a large temperature dependency. Indeed, if the temperature dependency of the thermal 
expansion coefficient is ignored, the peak is not observed. 

The common behavior of the AG parameter of superionic conducting materials could be seen by 
studying the anisotropy of the AG parameter. In Figs. 2, 3 and 4, the temperature dependences of δ11, 
δ12 and δ44, respectively, for various compounds are shown. From these figures, we observe that the 
temperature dependences of these parameters in LiCl, NaCl, KCl, KBr, Ag and Al are very weak as 
expected. In contrast, in superionic materials, the parameter δ11 increases at high temperature. In 
some cases such as AgBr and PbF2, clear peaks are observed. As mentioned above, the appearance 
of this peak arises from the interplay between elastic constant and thermal expansion coefficient.  

For the case of parameter δ12, peaks at high temperature are observed except AgCl and BaF2. This 
observation suggests that δ12 is more sensitive to the interplay between elastic constants and thermal 
expansion coefficient. Here, we can see that some materials have negative values of δ12. This 
behavior arises from the positive temperature dependence of the elastic constant that these materials 
exhibit [28]. It has been suggested that this temperature dependence could arise by considering the 
phonon pressure due to lattice vibrations [41]. Concerning δ44, an interesting behavior is observed. 
That is, the temperature dependence is weak when compared with δ11 and δ12. PbF2 exhibits an 
exception to this behavior, whose microscopic origin is not clear at present. However, it is probable 
that such difference results from the peculiarities of the bonding nature of each material. Although 
with some exceptions, the above results indicate that the AG parameter of superionic materials 
exhibit strong temperature dependencies at high temperatures. 

In the course of our study, we have found an interesting correlation shown in Fig. 5. It shows that 
the Frenkel defect formation enthalpy [42,43] in fluoride compounds correlate with the temperature 
TR defined as 
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That is, the temperature TR is defined as the temperature where the ratio between the AG parameter 
evaluated at TR and the reference temperature taken as 300K adopts a constant value A. Fig. 5 shows 
the result for the case where the constant A takes the value 1.2. If we take another value of A, a 
similar linear behavior, but with different slope is obtained. In the figure, the values evaluated for 
AgCl and AgBr are also shown. It is interesting to note that they are located near the line that 
connects the fluoride compounds. The small difference in the trend is probably due to the difference 
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in the structure, although the difference in the transport mechanism could not be discarded. In order 
to discuss the origin of this small difference in the trend, the number of data should be increased. 
This is a task left for the future, because additional data are not available at present. Concerning δ12, 
although the data are somewhat dispersed, analogous behavior to that obtained with δ11 was 
confirmed. On the other hand, concerning δ44, it is difficult to obtain such kind of behavior due to the 
weak temperature dependence of δ44. These observations suggest the possibility that the anisotropy 
of AG parameter is an important ingredient to understand the mechanism of ion conduction. As 
mentioned in the introduction, the AG parameter carries information on the anharmonicity of the 
atomic vibrations of the materials. The result shown in Fig. 5 is a manifestation of this observation. It 
indicates clearly the importance of the anharmonicity in the ion transport processes of the materials.  
 
 
4. Summary 

 
A comparative study on the temperature dependence of the AG parameter in various materials was 

presented. It was found that the AG parameter of superionic conductors exhibit anomalously large 
temperature dependence. On the other hand, the AG parameters of other materials that do not exhibit 
superionic conduction are almost constant or weakly temperature dependent as usually assumed. The 
results on the anisotropy of AG parameters indicated that they could provide useful information to 
understand the peculiarities of each material from the point of view of anharmonicity of lattice 
vibrations. An interesting correlation between the Frenkel defect formation enthalpy and a quantity 
which is defined by the ratio between AG parameters evaluated at two different temperatures was 
found. The result reflects the importance of the anharmonicity in the ion transport processes of the 
materials.   
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Fig. 1. The Anderson-Grüneisen parameters δ of various materials as a function of normalized 
temperature T/Tm, where Tm is the melting temperature.  The numbers after the compound names 
denote the melting temperature in K and the sources of the experimental values of elastic constant and 
thermal expansion coefficients, respectively. 1: AgCl [730; 24,25], 2: AgBr [700; 26,25], 3: NaCl 
[1091; 28,27], 4: KBr [1063; 28,27], 5: KCl [1003; 28,27], 6: LiF [1115; 1,27], 7: PbF2 [1143; 29,30], 
8: BaF2 [1553; 31,30], 9: SrF2 [1733; 31,30], 10: CaF2 [1673; 31,30], 11: Ag [1235; 32], 12: Al [934; 
33], 13: KCN [911; 34], 14: MgO [3125; 35], 15: CaO [2798; 35], 16: Mg2SiO4 [2163; 35], 17: Al2O3 
[2345; 35], 18: AlN [3023; 36], 19: Si3N4 [2173; 36]. 
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Fig. 2. The Anderson-Grüneisen parameters δ11 of various materials as a function of normalized 
temperature T/Tm. 1: AgCl, 2: AgBr, 3: PbF2, 4: CaF2, 5: SrF2, 6: BaF2, 7: LiF, 8: NaCl, 9: KCl, 10: 
KBr, 11: Ag, 12: Al. 
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Fig. 3. The Anderson-Grüneisen parameters δ12 of various materials as a function of normalized 
temperature T/Tm. 1: AgCl, 2: AgBr, 3: PbF2, 4: CaF2, 5: SrF2, 6: BaF2, 7: LiF, 8: NaCl, 9: KCl, 10: 
KBr, 11: Ag, 12: Al. 
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Fig. 4. The Anderson-Grüneisen parameters δ44 of various materials as a function of normalized 
temperature T/Tm. 1: AgCl, 2: AgBr, 3: PbF2, 4: CaF2, 5: SrF2, 6: BaF2, 7: LiF, 8: NaCl, 9: KCl, 10: 
KBr, 11: Ag, 12: Al. 
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Fig. 5. Relationship between the Frenkel defect formation enthalpy and the temperature TR in fluoride 
compounds and silver halides. The definition of TR is given in Eq. (7). 
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