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Abstract 

The understanding of the cooperativity and heterogeneity in various kinds of glass forming liquids is a hot topic. In the 
present paper, the relationship between the cooperativity and the fragility has been studied based on the bond strength-
coordination number fluctuation model. The model describes the temperature dependence of the viscosity of many kinds 
of glass forming liquids in terms of the mean values of the bond strength, coordination number and their fluctuations of 
the structural units that form the melt. According to the model, the cooperativity increases with the increase of fragility. 
The model indicates that the length scale of the cooperativity region in typical fragile systems is about 1 to 3 nm. 
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1. Introduction 

The clarification of the mechanism of glass transition and structural relaxation in supercooled liquids is one 
of the most challenging subjects in condensed matter physics (Debenedetti and Stillinger, 2001; Dyre et al., 
2009). By decreasing the temperature of the melt, the glass-formation process takes place, which is 
accompanied by a drastic increase of the viscosity and structural relaxation times. The process is also 
accompanied by a growth of the size of the heterogeneity that develops in the supercooled liquid. The 
temperature dependence of the viscosity or relaxation time of various glass forming materials can be 
characterized by using the concept of fragility, which quantifies the degree of deviation from the Arrhenius 
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behavior (Angell, 1991). A natural question that arises is then, on the relation between the fragility and the 
cooperativity of atomic motions in the structural relaxation. Related with this subject, much studies have been 
done to understand the cooperativity and heterogeneity of various kinds of glass forming liquids (Kivelson 
and Tarjus, 2008; Donth, 2002; Schröter, 2006; Saiter et al., 2007; Haruyama et al., 2010; Rouxel, 2011). In 
particular, the correlation length of the heterogeneity and the number of molecules involved on it have been 
evaluated using different approaches (Dalle-Ferrier et al., 2007; Hempel et al, 2000; Wang, 2012). These 
studies indicate that no consensus exists regarding the relation between fragility and cooperativity. Some 
studies indicate that the cooperativity increases with the fragility in accord with our intuitive expectation. 
Others state that no clear correlation exists. These situations indicate that further studies performed from 
different points of views are necessary. In the present paper, the cooperativity and fragility of various classes 
of supercooled liquids is investigated by the bond strength-coordination number fluctuation (BSCNF) model 
proposed and developed in our group (Aniya, 2002; Ikeda and Aniya, 2010). 

2. The Bond Strength-Coordination Number Fluctuation Model 

The BSCNF model was introduced based on the physical picture that the viscous flow of the melt occurs 
by breaking or twisting the bonds between the structural units (Aniya, 2002). According to this model, the 
temperature dependence of the viscosity is described in terms of the mean bond strength E0, the mean 
coordination number Z0, and their fluctuations, ∆E, ∆Z, of the structural units that form the melt. It is 
expressed as 
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Here, Tg is the glass transition temperature and R is the gas constant. _η0 and ηTg are the values of the 
viscosities at high temperature limit and at Tg, respectively. Recently, it has been shown that in the case where 
the condition |∆E|/E0 = |∆Z|/Z0 is satisfied, Eq. (1) follows closely the behavior of the Vogel-Fulcher-
Tammann (VFT) equation widely used in the literature (Ikeda and Aniya, 2010). The fragility index m is 
obtained from Eq. (1) as 
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Applications of the above Eqs. (1) and (2) to various materials reveals a very interesting behavior. As 
shown in Fig. 1, highly interconnected network glass forming materials or strong systems such as SiO2 are 
characterized by large value of C and small value of B. On the other hand, fragile systems such as ZrF4-BaF2-
LaF3-AlF3 (ZBLA) are characterized by small value of C and large value of B (Aniya and Ikeda, 2010). The 
values of B and C are obtained by fitting Eq. (1) to the experimental data of viscosity. It should be noted that 



   

the expressions of the viscosity and fragility given above are written in terms of the parameters B and C which 
have clear physical meanings as defined in Eq. (1). The mapping of different compounds in the B-C plane 
suggests that a relation could exist between the parameters B and C. Indeed, the following analytical 
expression that connects the two parameters was found (Ikeda and Aniya, 2010). 
















−+















++

−
= )1ln(

2
1ln

)1(2
)1(2

0
2

B
B

BC Tg

η

η

γγ

γ ,                                                                                         (3) 

where  
0

0

/
/
ZZ
EE

∆

∆
=γ . 

As noted above, the VFT like behavior is obtained when γ =1, that is when the ratio between the fluctuations 
of energy and coordination number becomes equal. 

          

    

Fig. 1. Mapping of different glass-forming materials in the B-C plane. The broken lines indicate the fragility index constant line 
calculated by Eq. (2). The dotted curve shows the behavior of Eq. (3) when γ =1. UPR40 represents unsaturated polyester resin with 
styrene content of 40% W/W.  

In a previous paper, a quantity defined as NB = Eη /(E0Z0), where Eη is the activation energy for viscous 
flow was introduced (Aniya and Shinkawa, 2007). This quantity has been interpreted to give the number of 
structural units involved in the viscous flow. In other words, this quantity describes the cooperativity of 
molecular motions involved in the structural relaxation. In terms of the parameters of the BSCNF model, the 
cooperativity is written as 
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3. Relation between Fragility and Cooperativity 

3.1. Results from the BSCNF model 

Many studies were devoted to understand the relation between fragility and cooperativity (Hempel et al., 
2000; Hong et al, 2011).The BSCNF model indicates that these quantities are interrelated as is apparent from 
Eqs. (2) and (4). Fig. 2 shows the relation between NB and m for different materials evaluated at T = Tg. For 
comparison, the numbers of correlated units evaluated by other approaches are also shown. For instance, 
values evaluated through the Donth formula, Nα (Hempel et al., 2000), the four-point correlation functions, 
Ncorr, 4 (Capaccioli, 2008), and the thermodynamic cooperativity discussed by Wang, Nc 

T (Wang, 2012) are 
shown. The lines (L1-L3) describe the curves calculated with different values of γ and aT = ln(ηTg/η0). It is 
noted that a large number of data points follow the line L1. The value of aT = 39.1 for this line corresponds to 
that calculated using the usual values ηTg = 1012 Pa·s and η0 = 10-5 Pa·s. Fig. 2 indicates that NB increases with 
m. The values of NB extend from few to about 50 structural units, depending on the value of m. It seems that 
the estimations indicated by Nα and Nc 

T follow the theoretical trend predicted by the BSCNF model. The 
estimation indicated by Ncorr,4 follows a different trend. According to this estimation, the cooperativity does 
not depend or depends only weakly on m. The comparison shown in Fig.2 indicates that the magnitude of the 
cooperativity depends on the model used. Roughly it follow the order Ncorr,4 (≃const) > Nα > NB (BSCNF) > 
Nc 

T.  
 

         

Fig. 2. Relation between NB at T = Tg and the fragility index m. The numbers of correlated units evaluated by other approaches, Nα 
(Hempel et al., 2000), Ncorr, 4 (Capaccioli et al., 2008), and Nc 

T (Wang, 2012) are also shown. The lines (L1-L3) describe the curves 
calculated with different values of γ and aT = ln(ηTg/η0). For sorbitol, two different values of the fragility index m are presented, m = 128 
(Capaccioli et al., 2008) and m = 107 (Wang et al., 2006). 



   

The estimation of NB according to the BSCNF model, as well as the estimation Nα and Nc 

T, indicate that 
the cooperativity increases with the fragility. This observation is in contrast with the statement by (Hong et al., 
2011), in which no clear correlation between fragility and cooperativity was detected. Meanwhile, (Hempel et 
al., 2000) observed a clear correlation between fragility and cooperativity. These differences could be due to 
the different techniques of measurements used there, light scattering and differential scanning calorimetry, 
respectively. 

3.2. Cooperativity volume and fragility 

As noted above, (Hong et al., 2011) have questioned the existence of the correlation between the length 
scale of cooperativity and the fragility. In this section, such a relation is investigated based on the BSCNF 
model. By assuming a spherical shape for the region of cooperativity, the cooperative volume can be written 
as VB = NBV1 = (4π/3)ξB

3, where ξB is the radius of the spherical region and V1 is the volume of one structural 
unit, which is evaluated by V1 = M/(NAρ). Here, M is the molar mass, NA is the Avogadro’s number and ρ is 
the mass density. In Fig. 3(a) the relation between the radius ξB and the fragility index m is shown. We can see 
that there is a rough trend between these two quantities. Fig. 3(b) shows the relation between the correlation 
length evaluated from boson peak analysis ξBP and m. As reported by (Hong et al., 2011) no clear correlation 
is discernible. However, a comparison between Figs. 3(a) and 3(b) indicates that no decisive conclusion could 
be given concerning the relation between cooperativity and fragility. On the other hand, it is gratifying to note 
that both analyses give almost the same values for the length scale of the cooperative region. As an extension 
of the present study, it will be interesting to investigate the influence of the shape of the region of 
cooperativity on the value of ξB. 
 
 

           

Fig. 3. (a) Relation between the radius ξB of cooperativity calculated by the BSCNF model and the fragility index m. (b) Relation between 
the correlation length ξBP evaluated from boson peak analysis and m (Hong et al., 2011). The acronyms represent ortho-terphenyl (OTP), 
propylene glycol (PG), poly(vinyl acetate) (PVAc) and polydimethylsiloxane (PDMS). 



  

4. Conclusion 

The BSCNF model describes the temperature dependence of the viscosity of many kinds of glass forming 
liquids in terms of the mean values of the bond strength, coordination number and their fluctuations of the 
structural units that form the melt. Based on the model, analytical expressions for the fragility and number of 
structural units involved in the thermally activated viscous flow or cooperativity has been derived. This is an 
advantage of the model, because it permits to understand what is the controlling factor operating in the 
complex dynamics of supercooled liquids. According to the model, the cooperativity increases with the 
increase of fragility. That is, these quantities are interrelated and originate from the connection and disruption 
processes between the structural units. Comparisons with other estimations of cooperativity such as the Donth 
formula, the thermodynamic cooperativity discussed by Wang, and the four-point correlation functions, 
indicate that the first two models are in accord with our result whereas the third one is not. Our model 
indicates that the radius of the cooperativity region in typical fragile systems is about 1 to 3 nm. This 
estimation agrees with the result of light scattering experiments. 
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