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Abstract. It is well known that there exists a transversal design TDy[k; u]
admitting a class regular automorphism group U if and only if there exists
a generalized Hadamard matrix GH(u, \) over U. Note that in this case the
resulting transversal design is symmetric by Jungnickel’s result.

In this article we define a modified generalized Hadamard matriz and show
that transversal designs which are not necessarily symmetric can be constructed
from these under a modified condition similar to class regularity even if it admits
no class regular automorphism group.
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1 Introduction

A transversal design TDy[k;u] (u > 1,k = u) is an incidence structure (P, B),
where

(i) P is a set of uk points partitioned into k classes (called point classes),
each of size u,

(ii) B is a collection of k-subsets of P (called blocks),

(iii) Any two distinct points in the same point class are incident with no block
and any two points in distinct point classes are incident with exactly A
blocks.

A transversal design D = (P, B) is called symmetric if the dual structure D* of
D is also a transversal design with the same parameters as D. If D is symmetric,
the point classes of D* are said to be the block classes of D.

A transversal design D is called class reqular with respect to U if U is an
automorphism group of D acting regularly on each point class. If D is class
regular with respect to U, then there exists a generalized Hadamard matriz
[d; ;] of order k with entries from U (for short GH(u, A)) such that whenever
i # £ the set of differences {dijd[jl | 1 < j <k} contains each element of U
exactly A\ times. Conversely, from a generalized Hadamard matrix GH(u, \)
over a group U of order u, one can construct a transversal design TD, [k; u]
which admits U as a class regular automorphism group (Theorem 3.6 of [2]).



In this case (P,B) is necessarily a symmetric transversal design by a result of
Jungnickel (Corollary 6.9 of [7]). Hence, if a transversal design TD [k; u] is not
symmetric, it admits no class regular automorphism group and so can not be
obtained from any generalized Hadamard matrix.

In this article we show that if (P,B) admits an automorphism group G
acting semiregularly on P U B and if for each point class C there exists a sub-
group Ue(< G) acting regularly on C, then we can obtain a modified generalized
Hadamard matriz (Theorem 3.2, Definition 3.3). Ug is, so to speak, an individ-
ual class regular subgroup depending on C. We note that Ug is not always a
normal subgroup of G. Conversely, we show that from a modified generalized
Hadamard matrix we can construct a transversal design which does not al-
ways admit a class regular automorphism group (Theorem 3.5). As an example
we construct transversal designs from any translation plane using this method
(Theorem 4.1). These are not always admit class regular automorphism groups
(see Remark 4.2). Furthermore, by a modified Kronecker product we construct
many transversal designs (Theorem 5.2).

2 Preliminaries

Let H be a group of order ¢*(> 1). A set of ¢ + 1 subgroups {H1, -, Hy41}
of H is called a spread of H if |H1| = -+ = |Hy41| = ¢ and H; N H; =1 for all
distinct ¢ and j with 1 <4, < ¢+ 1. Then the following holds.

Lemma 2.1. ([6],[8]) Let H be a group of order ¢? and {Hy, - ,Hy1} a
spread of H. Then

(i) H=H;Hjforeachiandj, 1<i#j<qg+1.

(i) H* = Hy U---UHy,, is a disjoint union, where X* = X \ {1} for a
subgroup X of H.

(iii) H is an elementary abelian p-group for a prime p.
The following fact is well known.

Lemma 2.2. Let D = (P,B) be a transversal design TD,[k;u] and let U be a
class regular automorphism group of D. Then D is symmetric and U is also a
class regular automorphism group of the dual D* of D.

We note the following simple fact without proof, which we often use for the
rest of the paper .

Lemma 2.3. Let H and N be subgroups of a group G. If G = HN (as the
product operation on G), then > >\ = |[HNN|Y . as multiplication
in the group ring Z[G].

Let (P,B) be a transversal design TDy[k;u] with & = uX and v > 1. For
points P,@Q € P, P ~ @ indicates that P and @ are in the same point class of
(P, B).



Let G be a group. For a subset S of G, SV = {z~! : x € S}. Similarly,
for a group ring element z = >, - a,z € Z[G], 20V =3 s aza7! (€ Z[G)).
Throughout the rest of this paper, all sets and groups are assumed to be finite
and a subset S of a group G is identified with a group ring element ) o x (€
Z|G]) unless specifically stated.

3 DModified generalized Hadamard matrices

In this section we consider a transversal design which admits an automorphism
group satisfying the following.

Hypothesis 3.1. Let (P, B) be a transversal design TD,[k; u] and let H be an
automorphism group of (P, B) such that

(i) H acts semiregularly both on P and on B,
(i) Each H-orbit on P is a union of some point classes.

From Hypothesis 3.1, |H| = us for some integer s | uX and each H-orbit on P
contains exactly s point classes. Moreover, setting ¢t = %, H has exactly t orbits
both on P and on B.

Theorem 3.2. Assume Hypothesis 8.1. Let {Qq, - ,Q:} be the set of H-
orbits on P and {By,--- ,B;} the set of H-orbits on B. If we choose Q; € Q;
and B; € B; for each i, 1 <i <t, then the following holds.

(i) SetU;={x € H:Qixz~Q;}, 1 <i<t. ThenU; is a subgroup of H of
order u.

(ii) Set Dyj ={z € H:Qx € B}, 1<4i,j <t. Then,
(a) |Diyjl=s (1<i,j<t).
(b) Y DDV = H (1<i#t<t).
() Y DyDGY =k+AH-U;) (1<i<t).

Proof. Let P.(C Q;) be the point class containing the point @);. As H acts on
Q; regularly, |U;| = |P,| = u. Let z,y € U;. Then Q;x ~ Q; and Q;y ~ Q.
From this Q; x ~ Q; y. Hence Q; 7y~ ~ Q; and so 2y~! € U;. Thus (i) holds.

We fix ¢ and ¢ (1 < i, < t) and assume first that ¢ # £. For each ¢ € H
we set Ty = {(a,b,§) : @ € D;jj,b € Dyj, 1 <j<t, c=ab '} It suffices to
prove |I'; ¢ .| = A in order to check (b). The condition on I'; ¢ . is equivalent to
c=ab ! and Q;a,Q¢b € Bj. Hence Q;c,Qr € Bib~ . As Qic € Q;, Qp € Q
and i # £, it follows that Q;c ¢ @, and so there exist exactly A blocks containing
both Q;c and Qg, say Bi,--- , B}. Foreach m (1 < m < X), there exists a unique
pair (j,b) such that B/, = B;b=1,1 < j <t, b€ H. Since Q, € B,, = B;b™!,



we have Q;b € B;. From this, b € Dy;. Moreover, Q;c € B, = ij_l. Hence
Qia € Bj and so a € D;j. Therefore |I'; o .| = A and (b) holds.

We now consider I';; . = {(a,b,j) : a € Djj,b € Djj, 1 <j<t, c=ab '}
Similarly as in the proof of (b), the condition is equivalent to Q;c,Q; € B;jb~.
If ¢ = 1, the number of blocks containing Q; is exactly k. Let Bf,---, B}, be
such blocks. Then, for each m, 1 < m < k, there exists a unique (j,b) such
that B., = ij_l, 1<j<t, beH AsQ; € ij_l, we have b € D;;. Hence
IT;i1] = k. Assume ¢ € U; \ {1}. Then, as Q; ~ Q;c and Q; # Qic, |Tiic| = 0.
Assume ¢ € H \ U;. Then, as Q; # Q;c, the number of blocks containing
Q; and Q;c is A. Let Bi,---, B} be such blocks. For each m (1 < m <))
there exists a unique (j,b) such that B/, = B;b~',1 < j <t, b € H. Since
Qi,Qic € B, = B;b~', b € D;j and a € D;;. Hence |I'; ; .| = X. Thus (c) holds.

By (c), Dingj_l) NU; \ {1} = 0. Hence, as |H| = su and |U;| = u, we have
|D;;| < s counting cosets of U;. Applying the trivial character xo of H to (c),
we have s?t > di<j<t |D;;|? = xo(k + A\(H — U;)) = s*t. This forces |D;;| = s
for each 4,4, 1 <4,j <t. Thus (a) holds. O

We show that the converse of Theorem 3.2 is also true. We first generalize
the notion of a generalized Hadamard matrix. The set of n by n matrices with
coefficients in a ring R is denoted by M, (R) .

Definition 3.3. Let H be a group of order su. For subsets D;; (1 < ¢,j <
t,st = ul) of H, we call a matrix [D;;] € M(Z[H]) ¢ modified generalized
Hadamard matriz with respect to subgroups U; (1 < i < t) of H of order w if
the following conditions are satisfied :

|D;j| = s forall 4,5, 1 <1i,j <t,and

Z Di-D(l_l) _ k-i-)\(H—Ui) ifi =1¢, (1)
=y I NH otherwise.

For short, we say [D;;] is a GH(s,u,\) matriz with respect to U;, 1 < i < t.
If Uy =--- = U, = U for a subgroup U of H, we simply say that [D,;] is a
GH(s, u, A) matrix with respect to U.

Remark 3.4. If [D;;] is a GH(s, u, \) matrix with respect to a normal subgroup
U of H, the notion in Definition 3.3 is the same as that of [1]. Clearly any
GH(1, u, \) matrix is an ordinary generalized Hadamard matrix GH(u, \) (see
[2]). Moreover, if D is a (u, u, uX, A)-difference set (see [9]) in a group G relative
to U, then the 1 by 1 matrix [D] is a GH(uA, u, A) matrix with respect to U.

We now show that a transversal design TD,[k; u] is obtained from a GH(s, u, A)
matrix. For a GH(s, u, \) matrix [D;;] € M;(Z[H]), we define a set of points P
and a set of blocks B in the following way.

P={1,2,---,t} x H, B={Bj,:1<j<t, heH}, (2)
where By, = | J (4, Dih) (= |J {(i,dh):1<i<t, de Dy}
1<i<t 1<i<t



Then we have

Theorem 3.5. Let [D;;] € My(Z[H]) be a GH(s,u,\) matriz over a group H
of order su with respect to subgroups U; (1 < i < t), where t = u\/s. If we
define P and B by (2), then the following holds.

(i) (P,B) is a transversal design TDy[k;u] (k = ul).

(ii) Foreachi (1<i<t)andz € H, set P, y,, = {(l,wz) :w e U;} (1<
i <t,x € H). Then P, y,, is a point class of (P,B).

(i) If we define the action of H on (P,B) by (i,¢)* = (i,cx), (Bjd)” = Bj.d,
then H is an automorphism group of (P,B) acting semiregularly both on
P and on B.

(iv) For everyx € H, z~'U;x acts reqularly on a point class P; yy, (1 <i < t).
Proof. Clearly each block contains exactly k£ points. We choose two distinct

points (i,a),(¢,b) € P and count the number of blocks N(; 4 ) containing
both (i,a) and (¢,b) :

Niiay by = {Bjn :ah™ € Dyj, bh™' € Dy 1 < j <t, he H}|
Put N = N;.a),) and dqy = ah™1, dy = bh~!. Then we have
N = |{(j,d1,d2) : 1 < j<t, dy € Dij, da € Dy;, didy* = ab'}|.

Assume i = £. Then a # b. By (1), N=0ifab™! € U; \ {1} and N = X if
ab=! € H\ U;. On the other hand, assume i # £. Then, as d1d2_1 =ab ! € H,
we have N = A by (1). Therefore (i) and (ii) hold.

By the definition of the action of H on (P,B),

(i,C) S Bj7d <— (i,c) S (i,Dijd) <~ cc Dijd
<= cx € Djjdr <= (i,cr) € Bjax <= (i,¢)" € Bj,.

Thus (iii) holds. Moreover, as (P;v,2)z Uit = P; y,0(-1052) = Piv,e, (V)
also holds. O

Example 3.6. Let u =3 and A = 2. Let H = (a,b) ~ Z3 X Z3 be an abelian
group of order 9 generated by a and b and set s = 3 and t = 2. We put
D;; € ZIH], 1 <4, <2,and U; ~Z3, 1 <1i <2, as follows :

U1 = <b>7 U2 = <a>

1+ ab+ a®b a2+ b+ab

[Di] = 1+ab+ab®> 14 a?b®>+a?b



Then we can verify that D;; and U; satisfy the following.

D DY + DDGY =6+ 2(H - Uy)
Dy DSV + Doy DSV = 6 4 2(H — Us)
D DY + DDV = 2H

Therefore [D;;] is a GH(3,3,2) matrix with respect to Uy,Us and applying
Theorem 3.5 we obtain a transversal design TD3[6; 3].

Example 3.7. Set u =3, A = 4 and H = (a,b) ~ Z3 X Zg. Set t = 2 and
s=16. We put D;; (1 <4,j <2)and U; >~ Zsz (1 <1i < 2) as follows.

U1 = (ab2>, U2 = <&b4>

1+b+02+b+a+ab 14 a?b° + ab* + a?b + b* + ab

[Di] = T+ab®+a2b*+ab+b*+a2b 1+b+b%+b3+a2+ab

Then we can check that D;; and U; satisfy (1). Hence [D;;] is a GH(6,3,4)
matrix with respect to Uy and Uy and by Theorem 3.5 we obtain a TD4[12; 3].
Actually, [D;;] is constructed by using a non-normal (12, 3,12, 4)-difference set
in [5]. We mention the method of construction of GH(s,u,\) matrices from
(uA, u, uA, N)-difference sets in Section 6.

Remark 3.8. It is possible to have H t>U; for every i, 1 <14 < t. But, it is not
always true that Uy = --- = U;. The group (Uy,---,U;) generated by U;’s is
kind of like a minimal group in order to determine the transversal design even
if there is no class regular automorphism group.

Lemma 3.9. Let [D;;] € My(Z[H]) be a GH(s, u, A) matrix over a group H, t =
uX/s. Let j,0 € {1,2,---,t} and let a,b € H. If D;ja = Db for every i,
then (j,a) = (¢,b). In particular, no two columns of a GH(s,u, A) matrix are
identical.

Proof. Assume D;ja = Djeb for every ¢, 1 < ¢ <t and let (P,B) be the transver-
sal design TD [k;u] constructed in Theorem 3.5. Then Bj, = By as subsets of
P. On the other hand, by Lemma 1.10 of [7], any transversal design TD[k; u)
with w > 1 has no repeated blocks. Hence Bj, = By, implies (j,a) = (¢,b).
Thus the lemma holds. O

Theorem 3.10. Let [D;;] be a GH(s,u,\) matriz over a group H with re-
spect to subgroups U; of H, 1 < i < t = u\/s. Then the transversal de-
sign. TDy[k;ul,k = uX, corresponding to [D;;] is symmetric if and only if
[DE;I)]T is a GH(s,u, \) matriz over H with respect to suitable subgroups V; of
H, 1 <i<t. If this condition is satisfied, then Bjy,. is a block class for all j
andx, 1 <j<t, xeH. '

Proof. Assume the transversal design (P, B) corresponding to [D;;] is symmetric.
By Lemma 3.9, B, # By, if (j,9) # (¢, h). We note that



(a) If (4, ) # (¢, h) and Bjg ~ By, then U, ;< (i, Dijg) 0 Uy<;<, (i, Dich) = 0.
(b) If Bjg % Bun, then |U1§i§t(i’Dijg) N U1§i§t(i7Di€h)| =\

The facts (a) and (b) imply that each coefficient of >, -, , ng_l)Diz is either 0
or \. As (j,9) # (¢, h) iff either j # £ or j = £ and gh~! # 1, there are subsets
S of H and T of H \ {1} such that

ST DGVDy = AS (G40 (3)
1<i<t
> D "Dy = k4T 4
1<i<t

We will show that (i) S = H and (ii) T'= H — Vj; for a subgroup of H of order
u.

First we show (i). Applying the trivial character of H to (3) ts? = \|S|.
Hence |S| = sk/A = us = |H|, which implies S = H.

We now show (ii). Set V; = H \ T. Then, applying the trivial character
of H to (4) we have k + A|T| = ts?. Hence |T| = |H| — u and so |V}| = u.
Moreover, we show that V; is a subgroup of H of order u. We first note that
1eVj. Clearly V;\ {1} ={z € H: B;, N Bj1 = 0}. Let z,y € V; \ {1}, z # v.
Then, Bj1 N Bj, = 0 and B;; N B;j, = 0. Hence Bj, ~ Bj1 ~ B;, and so
Bj . ~ Bj,. It follows that B, ,,~1 N Bj1 = 0. From this, zy~* € V; \ {1}.
Hence V} is a subgroup of H of order w and T' = H — Vj;. Consequently,

t o
S DD, - {k FAH =)= )
P AH otherwise.
for suitable subgroups Vi,---,V; of H. Therefore [DZ(J»_l)]T is a GH(s,u, \)
matrix over H with respect to V;, 1 < j <+.
Conversely, assume that there exist subgroups Vi, Vs, .-+, V; of H of order
u satisfying (5). Then,

|Bja N Bébl

Z |Dija N D¢@b|

1<i<t
= |{(z,y):z € Dy;,y€ D,z ly=ab"t, 1<i< t}|.

Hence, if a # b, then by (5) we have

0 ifj=¢andab™!eV;\ {1},

B, N Byl =
1B ol {)\ otherwise.

It follows that (B, P) is a dual transversal design TD,[k; u] with the block classes

Bjv,e (1<j<t,xec H). Thus (P,B) is symmetric. O

By Lemma 2.2 and Theorem 3.10, we have



Corollary 3.11. Let [D;;] be a GH(s,u, \) matriz over a group H with respect

to a normal subgroup U of H. Then [ng_l)]T is also a GH(s,u,\) matriz over
a group H with respect to U.

Example 3.12. Let [D;;] be the GH(3,3,2) matrix in Exampme 3.6. Then
D\TYDyy + DSV Doy = 64 (H — () + (H — (b)). Applying Theorem 3.10 the
transversal design obtained from [D;;] is not symmetric.

Similarly, the transversal design obtained from a GH(3,3,4) matrix in Ex-
ample 3.7 is not symmetric as we can check that DSDDH + Dé;l)Dm =
12 + 2(ab® + ab* + a?b? + a?b*) + 3(ab + a?b°) + 4(a + a® + b+ b + b3 + b +
b° + ab® + a?b?) + 5(ab® + a?b).

4 Transversal designs constructed from spreads

In this section we construct transversal designs from spreads as an application
of Theorem 3.5.

Let H be a group of order ¢?(> 1) and {H, -, Hyq1} a spread of H. We
show that many GH(q, ¢, ¢) matrices can be constructed from each spread.

Theorem 4.1. Let ¢ be a power of a prime p and Let {Hi,--- ,Hq41} be a
spread of an elementary abelian p-group H of order ¢*. Let A = [n;;] be a ¢ x ¢
matrix with entries from I = {1,2,--- , ¢+ 1} satisfying the following.

I={na,nie, - ,nig,mi}, 1<i<gq, (6)
and

I ={ny,no, - ,ng, 4}, 1<j<q, (7)
for some my,--- ,my € I and {y,--- £, € I. Set D;; = Hy,, for each i,j with

1 <1i,j < q. Then [Dy;] is a GH(q, ¢, q) matrix with respect to Hy,,,. .., Hy,
and the transversal design TD,[¢?; q] corresponding to [D;;] is symmetric.

Proof. Clearly, H,, H\,Y + Hy, HOD + -+ Hy, HGY = q(Hyyy + - +
H,.) = ¢+ q(H — Hy,) by Lemma 2.1(ii). Moreover, by Lemma 2.1(i),
Ho  HSD + Hy B 4o+ Hy HYD = gH G j # €0 Thus [Dyj] s a

Tjq
GH(q, ¢,q) matrix with respect to Hy,,,..., Hp,. Cleary, similar conditions
hold for columns of [DE;D]. Hence [Dg;l)]T is also a GH(q, ¢, ¢) matrix with
respect to Hy,, ..., Hy . Therefore the transversal design corresponding to [D;;]
is symmetric applying Theorem 3.10. U

Remark 4.2. Transversal designs obtained by Theorem 4.1 are always symmet-
ric but do not always admit class regular automorphism groups. For example,

(a)  (ab) (a®b)
let ¢ =3 and G = (a,b) ~ Z3 X Zs and set M = | (ab) (a?b) (a) |. Then
(a®b)  (b)  (ab)



we can check by a computer search that the symmetric transversal design ob-
tained from M does not admit a class regular autmorphism group. Therefore
this is one of the two symmetric transversal designs obtained by V.C. Mavron
and V.D. Tonchev (see Table 3 of [10]).

5 Product construction from GH(s,u, \)’s

It is well known that from a GH(u, \) matrix and a GH(u,\") matrix over a
group U one can construct a GH(u, uA\') matrix by Kronecker product ([4]). In
this section we generalize this method to a GH(s, u, A) matrix and a GH(s', u, \)
matrix.

First we define a transformed Kronecker product in the following way.

Definition 5.1. Let G and N be groups. For each i,1 < i < n, let f; be
a monomorphism from N into G. For b = > _\ c,x (€ Z[N]) we define b/
by bfi = ZmeN Cw.Tfi (E Z[G]) For A = [aij] € Mn(Z[G]) and B = [b”] S
M,[Z[N]], a nr by nr matrix A ® BUv /) labelled with {(7,7) : 1 < i <
n, 1 <j <r} is defined by

Bltay,  Blayy -+ Blay,
A BUrfa) BRan  BRayp - Blan
Bf"anl BfnanQ e Bfnann

where Bft = [bf;]
Using this product we can show the following.

Theorem 5.2. Let G be a group. Let H be a normal subgroup of G of order su
and H' a subgroup of G of order s'u satisfying G = HH' (the product operation
on G), U =HNH and |U| = u. Let D = [D;;] € M(Z[H]) (t = uM/s)
be a GH(s,u,\) matriz over H with respect to U; (1 < i < t) and let W =
[Wem] € My (Z[H']) (t' =uX'/s") be a GH(s',u, \') matriz over H' with respect
to U. Assume that there exists a monomorphism f; from H' into G satisfying
the following :

Ul =U;, G =H(H") (the product operation on Q) (8)
foreachi, 1<i<t. Set A={l,---,t} x{1,---,¢'}. Then we have

(1) The tt' by tt' matriz D @ W5 labelled with A is a GH(ss',u, ul\')
matriz over G with respect to Ug; oy = U; ((i,£) € A).

(ii) The transversal design corresponding to D @ W21 s symmetric if
and only if the transversal design corresponding to D is symmetric.



Proof. Set k =uX, ¥ =u)X and M = D @ W{f) | Set
M = [M; ) Gj.m)) ((i,£), (j,m) € A). Then,

My oy = WiiDij (1<i,j<t, 1<lm<t).

By assumption,

ZD”D( Vo= M (1<ifl<t)
ZDijDz(;U = k+AH-U) (1<i<t)
t/

DWW = NH (1<iAl<d)

j=1

t

DWW = K N(H -U) (<is<d)

We note that

(H ' >Ul =U;
and if we regard H and (H')/* as elements of Z[G], then H(H')f: = uG.
We show that

/ li _ . . . _ .
S Mo M {kk FANW(G - U;) if (i,a) = (j,b),

(m,p)EA @Llmep) ) AN uG otherwise.

First assume that (i,a) = (4,b). By (9) and (11),

(71) — i i —1
2 : M(iva)»(mvp)M(i,a),(m,p) - § : ngDim(ijDim)( )
(m,p)EA (m,p)EA

= > X WhDmDLWE)!

1<p<t’ 1<m<t

= D Witk AH = U)W )

1<p<k’
=k > W WS 40 >0 whBEW )"
1<p<t/ 1<p<t/
—\ Z Wfl 1))
1<p<t’
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(12)

(13)



Since G > H and H' > U, it follows from (13), (14) and (15) that

(-1)
Z M(i,a),(m,P)M(i,a),(m,P)
(m,p)EA

= k(K +NH —U) + XH(E + NH = NU) = \U;(K' + N (H —U))
= kK +kN(H —U) + XH(E + N (H) = NU) = \KU; = WU (H - U
= kk' + AK'H + NuG — NuH) — \'U; = kK 4+ M\ u(G - Uy).

Assume i = j and a # b. By (11) and (12),

(-1) _ i -1) (=) fi
Z M(iva)7(mvP)M(i,b),(m,p)_ Z Z Wf Dsz )(Wbp )f

(m,p)eA 1<p<t’ 1<m<t
= N Wk +AMH - U)W )
1<p<t’
1§p§t/ 1<p<t/ 1<p<t/

= uN (H) - XHWH) ' = XU (N H) = MVuG.

Assume i # j. We note that [WJi| =[G : H] = ¢'. If #/ # yfi € Wi, then
zfi(yf)(=1) ¢ UFi = U;. On the other hand (H')/i N H = U;. Hence W({;] is a
complete set of coset representatives of G/H. Consequently, WC{};H =G.

By (10),

1) - (=1 (g (—D £
Y Muayom MGy = 0. O WHDm DG (W)

(m.,p)eA 1<p<t’ 1<m<t
= Y wWhoH) W)
1<p<t
3 3 Ay
1<p<t/
=\ > G = MG = ANG.

1<p<t’

Thus [ M; ¢y, (j,m) ] is @ GH(ss’, u, uA\") matrix over G and so (i) holds.
To prove (ii) we consider (M (D)7,

(-1)
Z M(lf ),(J1,m1) (i,Z),(jz,m2)
(1,0)eA

= > (W, Dij) VW Dij,)
(1,0)eA

1 1
Z Z DZ(]l : Wlm )mez)ﬂ D, (16)

1<i<t 1<e<t!
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By Corollary 3.11,

K+ XNH —U) if m =mo,
3 WCIW 0, = o ( ) 1 =ms an
1<i<t/ otherwise.

By (16) and (17),

(=1)
Z M(i,f),(jl,ml)M(i»Z)v(j2vm2)

(i,0)EA
_ Zl§i<t fgll)(kl + X(Hl U)fi)Digé if my; = meo, (18)
Di<i<t ngll)()\/H/)le otherwise.

As [H : U;] = |D;j| = s, by (11) D;; is a complete set of left coset representatives
of H/U;. Hence U;D;; = H. By assumption, |G| = |H| - |H'|/|H N H'| and
|G| = [H]| - [(H")%:|/|H n (H')7|. Hence |H N (H')"i| = [HNH'| = |U] = u.
It follows that [G : (H')'] = s and (H')' N H = U;. Thus, if didy"' € (H')fi
for some di,dy € D;j, then d1d2_1 € (H")' " H = U;, which forces d; = ds.
Therefore D;; is a complete set of left coset representatives of G/(H')’. In
particular, (H')/iD;; = G. Tt follows from (18) that

(=1)
Z M(i7€)7(j1,77l1)M(iaé)’(j%mz)

(1,0)eA
K e DG Digy + uANG — uANH i my = my, 19)
luG otherwise.

By Theorem 3.10, the necessary and sufficient condition for the transversal
design obtained from [M; ¢).(j,m)] to be symmetric is that there exist subgroups
Vijm)s (J,m) € A, of G of order u satisfying

(—1)
Z M('L £),(j1,m1) (i’e);(jz,"m)

(¢,)el
_ SRR+ udN(G = Vi m) 3 (G1,ma) = (2, ma), (20)
UG otherwise.

Assume that the transversal design obtained from D@ W (/1:*+f+) is symmet-
ric. We compare (19) with (20). If m; = mg and j1 = j2, then k&' 4+ udN (G —
Vi) = K S 1cies D5V Dijy +udN'G —udNH. Hence Y2, o, D\ Y Dy, =

iJ1 iJ1

k+ MH = Vi) I my = mo and ji # ja, then k'Y, _,o, DV Dy, +

tJ1
UAN'G — uANH = uAN'G. Hence Z1gi<tDz(gll)Dij2 = AH. By Theorem 3.10
the transversal design obtained from D is symmetric.
Conversely, assume that the transversal design obtained from D is symmet-

ric. Then, by Theorem 3.10 we have

Z D( 1)Dj2 {k‘l—’—)‘(H_‘/h) ifj1:j2a
ij1 .
1<i<t AH otherwise.
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for some subgroups Vj, 1 < j <t of H of order u. Thus, by (19)

(=1)
Z M(@@L(jlJnl)M(iafL(jz,mz)
(i,0)er

E'(k+XH=V;))+ulNG —uANH if my =my and ji; = jo,

=S K'AH +ulN'G —uI\NH if my = mgo and ji # jo,
UA//\G if mq 7& mo.
_JEE +udN(G = Vjy)  if my =mg and ji = jo,
|l wAG otherwise.
Therefore, by Theorem 3.10, the transversal design obtained from D@W (/1:+:f¢)
is symmetric. O
1 00
Example 5.3. Let W = [ 0 1 0 | be a matrix over Z3z. Then W is a
0 0 1

generalized Hadamard matrix GH(3, 1) over Zs. Let D = [D;;] be a GH(3,3,2)
matrix over H = (a,b) ~ Z3 x Z3 in Example 3.6. We define monomorphisms
f1 and fo from Zs to H by fi(x) = b* and fa(z) = a® (z € Z3), respectively.
Then, applying Theorem 5.2 repeatedly, D ® (@7, W)1:/2) is a GH(3,3,2-3")
matrix over H and the corresponding transversal design is non-symmetric.

Similarly, let D = [D;;] be a GH(3, 3,4) matrix over H = (a,b) ~ Z3 x Zg
in Example 3.7. Using monomorphisms f; (1 < i < 4) from Zs to H defined
by fi(z) = «® (i = 1,3) and fi(z) = b® (i = 2,4) for © € Zj3, we obtain
a GH(3,3,4 - 3") matrix D @ (@, W)W1-+f4) over H. The corresponding
transvesal design TDgn4[4 - 3"T1; 3] is non-symmetric.

—~

As corollaries of Theorem 5.2, we have

Corollary 5.4. Let Hy and Hs be normal subgroups of G satisfying G = H1Ho
(the product operation on G), U = Hy N Hy, |U| = u. If [Cy;] € My, (Z[H])
is a GH(s1,u, \1) matriz, t; = 1;—?, over Hy with respect to U and if [D;j] €
M,,(Z][Hs)) is a GH(s2,u, \2) matriz, to = %2, over Hy with respect to U,
then C ® D' (= [C; ;Dpq] ((3,p), (4, q) € {1,-++ ,t1} x {1,--+ ,t2}) is a
GH(s182,u, \yAau) matriz over H, where idy denotes the identity map.

Corollary 5.5. Let D = [D;;] be a t by t GH(s,u,\) matriz over a group H
with respect to subgroups U; (1 < i <t) of H and let W = [wepn] be a generalized
Hadamard matriz GH(u, \') over a group U. If there exists monomorphism f;
from U to U; for each i with 1 < i <t, then D@ WUt11) 4s a GH(s,u, ul\')
matriz over H. Moreover, the transversal design obtained from D @ W (Ffuft)
1s symmetric if and only if the transversal design obtained from D is symmetric.

Remark 5.6. Corollary 5.4 is a generalization of Davis’ product construction
of semiregular relative difference sets ([3]).

13



6 Construction of GH(s,u,\) in a subgroup

In this section for a given GH(s, u, \) matrix over H we construct a GH(sy, u, A)
matrix over some suitable subgroup N of H of order syu with s | s.

For any subset Y (# () of a group G, Y'¢ denotes the subgroup of G generated
by the sets ¢g~'Y g with ginG. YC is called the normal closure of Y in G.

Proposition 6.1. Let [D;;] be a t by t GH(s,u,\) matriz over a group H of
order su with respect to subgroups U; (1 < i <t) of H of order u. Let N be a
subgroup of H satisfying N > (U™, - UM, Set N| = syu and r = [H : N]
and choose a complete set of right coset representatives g1, -+ , g. with respect
to N :

H=¢gNUgNU---Ug.N (21)

Define anrt by rt matriz [C(; ¢y, (j,m)] (1 < 4,5 <t, 1< €,m < 1) by Cii o), (jm) =
N N g, Dijgm. Then [Cli0),(5,m)] @5 @ GH(s1,u, \) matriz over N with respect
to Uy =g Uige (1 <i<t,1<0<r).

Proof. Let D = (P,B) be a transversal design TDy,[u, A] defined in Theorem 3.5.
Our aim is to apply Theorem 3.2 to the transversal design D with respect to
the subgroup N. By (iv) of Theorem 3.5, each (i,U;g) (1 <i<t,g€ H)is a
point class of D. As U;f < N, U;q,N = 9e(ge~tU;90)N = g¢N. Hence, by (21),
each N-orbit on P is of the form (4, g,N') and it contains the point class (i, U;gy).
We choose a point (i,9,) (1 < ¢ <t,1 < ¢ <7r)on the N-orbit (i,g,N). Let
U(;,e) the subgroup corresponding to (i,g,N). Then Uy ¢y = {x € N : (i, g¢)x ~
(i,90)} = {z € N : (i, g0x) € (i,Uige)} = 90~ ' Uige-

On the other hand, we can choose a block B, (1 <j<t,1<m<r)on
each N-orbit (C B). Since Bj,,, = St _,(w, Dy;gm), it follows that {z € N :
(i,90)x € Bj g, } ={x € N : gs& € Dijgm} = N N g; " Dijgm = Ci0),(jom) (1 <
i,7 <t, 1<¢m <r). By Theorem 3.2, we have the proposition. O

Example 6.2. Let [D;;] be a GH(6,3,4) matrix over H = (a,b) ~ Zs X Zg
in Example 3.7. Set N = (Uy,Us). Then N = {(a,b?) ~ Z3 x Z3z. Then we
have a right coset decomposition H = 1N + bN with respect to N. Hence, by
Proposition 6.1, we have a GH(3,3,4) matrix C' = [C};] € My4(Z[N]), where

1402 +a  B24+bvr4+ab® 1+abt+b* a2 + a2b? + ab?
1+ +a 1+ 4+a a?*4+a’>+a 1+ab*+0d*
14+a2b* +0* a+ab®+a?b?2 1402+a?2 b2+ b* + a2b?
ab*+a+a? 1+a2*+0* 1402 +4a? 1462 +a?

C:

By Proposition 6.1 we have the following.

Proposition 6.3. Let [D;;] be a t by t GH(s,u,\) matriz over a group H of
order su with respect to a normal subgroup U of H. Let ¢1,--- ,gs be a complete
set of coset representatives of H/U. Set C; ¢y, (jm) = U N g[lDijgm. Then the
uX by uh matriz [C(; ¢y, (j,m)] 15 a generalized Hadamard matriz GH(u, \) over
U.
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Applying Proposition 6.3 to semiregular relative difference sets we have the
following.

Proposition 6.4. Let R be a (uX, u,ul, \)-difference set in a group G relative
to a subgroup U. We choose any subgroup H containing the normal closure
U% of U in G. Set |H| = us and st = u\. Let G = gtHN---N g H be a
right coset decomposition with respect to H and set D;; = H N g;lej and
Uy =U% (1 <1i,j <t). Then [Dyj] is the GH(s,u,\) matriz over H with
respect to U;, 1 <1 <t.

Proof. Since [R] is a 1 by 1 GH(uA\, u, \) matrix with respect to U, the propo-
sition immediately follows from Proposition 6.1. 0

Remark 6.5. In Proposition 6.4, (P,B) = (G,{Dh : h € G}) by (2) and each
point class of (P, B) is given by Uz on which a subgroup 2~ 'Ux acts regularly.
Moreover, by Theorem 3.10, (P, B) is symmetric if and only if D("VD = u) +
A(G — V) for some subgroup V of G of order u (cf. Proposition 2.6 of [5]).
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